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JlelicTBUTEJILHbIE UM CJIA U JIeCTBUA HAJT HUMHU

ITonsaTHE AEHCTBUTEIHLHOTO YHCIIA.

JlercTBUS ¢ NIEHCTBUTEIHLHBIMH YHCIIAMHU.

YucnoBbie MHOKECTBA.

B3anMHO-0/IHO3HAYHOE COOTBETCTBUE MEXKIY YHCIaMHU
KOOPAMHATHOU OCBIO.

=AW=

IlonsTne uymncna sABIIETCI OCHOBHBIM B MaTeMaTHKE.
PaznuuaroT cremyrorniue MHOKECTBA YHUCEIT.
N — MHOXECTBO HaTypaibHbIX uuceln; (uucna 1, 2, 3,

..n,...)
7, — MHOXECTBO mienbIx uucen; (uucna 0. £1, £2, £...,

+n,...)
Q — MHOXECTBO paIlMOHANBHBIX YHCEN WM ApoOei.

m
3TO umucIia, UMEIOIKMEe OCHOBHYIO ()OpPMY 3alncH BUia — , I1e
n

2 20 5

m 4 h — uensle yucna (Hamnpumep,—, —, - —,...). Kpome oc-
37 4

. 5
HOBHOM (hOpPMBI 7’ parMoHa IbHbIC YKHCIIAa IPH HEOOXOIUMOCTH

. 5
3aMMCHIBAIOT TaKXe B BHUJIE€ CMEIIAHHBIX Ipo0eil (Hampumep, 2

1
=-1—=-1,29).
4
J — MHOXXECTBO HppalMOHANBHBIX ( HE palOHATbHBIX
YHCell, TO €CTh MHOJKECTBO TaKUX YHCEN, KOTOPhIE HE MOT'YT OBIThH

. m
TIpeICTaBIICHBI B BUJIE IpoOeit — (Hampumep, T, V2 U T. 11.).
n

R — MHOXeCTBO IEHCTBUTEIHHBIX (MJIH BEIIECCTBEHHBIX )
yucen. MHoxectBo R mpezcrasisier co0oil oObeanHeHHE
MHOXkecTB Q u J (pam. u 1 Q p.). MuHokectBo R comepxur B
cebe, TakuM 00pa3oM, BCE OCTATbHBIC YHCIOBBIE MHOXKECTBA.



JelicTBuTenbHBIE Yncaa yA0OHO HM300pa)kaTh reoMeT-
PUYECKHU.
Apudmerndeckue ACHCTBUSA C YHCIAMH: CIIOKCHHE,
BquHTaHHﬁ, YMHOXCHUC, NCITICHUC HA HYJIb.
JeiicTBusl ¢ HyJIeM U eIMHUIIENH:
a+0=a,

a—0=a,
a 0=0,
0 a=0,
a 1=1 a=a,

IIpaBuiia 3HaKkoB
Ecnu yeTHOE KOMTMYECTBO MUHYCOB, TO B pe3ylbTate +, a
€CJIM HEYETHOE, TO B PE3YJIBTATE «-».
CyMMa MpOTHBOIIOIOKHBIX YUCEN PaBHA HYIIIO.
HOK u HOJ
Haubonvwum obwum derumenem aucen a u b - Ha3bIBa-
eTcsi HauOoJulbllIee HATYpallbHOE YKCII0, KOTOPOE JIEIHUT YUCIIa a
u b 6e3 ocratka.
UtoO6s! HaiiTn HOJI uncen HYXHO:
1) pa3noXuUTh UX Ha IPOCTbIE MHOXKUTEIIH;
2) BBITUCATH OOIINE MHOKUTEIIH;
3) NepeMHOXKUTH UX.
Uucna y xortopsix Her HOJI Ha3bBatoTCs 83aumHO-
NPOCMbIMU.
Haumenvwum odwum kxpamuwvim dricen a u b - Ha3bIBaeT-
Csl HAUMEHBIIIEE HATypaTbHOE YUCIIO, KOTOPOE JIEIUTHCS HA a U
b 6e3 ocTarka.
Uro6s! HaitT HOK uucen HyxHO:
1) Pa3JI0kKUTh Ha MPOCThIE MHOXKUTEIH;




2) BBINMCATh MHOKHUTEIH MIEPBOTO UNCIIA;

3) N00aBUTH HEAOCTAIONINE MHOXKHUTEIN U3 BTOPO-
ro 4UCIa;
4) HAWTHU NIPOU3BEICHNE NTOTYYUBIINXCSI MHOJKUTEIIEH.

IIpocmubimu Ha3BIBAIOTCA YKCIA, KOTOPbIE UMEIOT TOJIBKO
nBa genuTensd: 1 U caMo 4ucio.

Beimmiem kpatabie 6osbiero yncia. [louemy 6osnbiero?

K(12)=112,24,36,48, 60, ...[] IIpoBepum siBIisi-
I0TCA JIM 9TH 4Yucia KpaTHeiMH 8. HauHem ¢ HamMeHbIIero
KpaTHOTO.

12 He nennThbed Ha 8 ; 24 nenuThed Ha 8

HOK(8;12) =24

Uemy paBno npousseaenue HOJl u HOK »tux yucen ? 4
*24 =96

Mpumep. Haiinure HOJl u HOK uucen 252 u 264 merto-
JIOM PA3JI0KEHHS Ha MMPOCTHIC MHOKUTEIH.

Pemenue:

252 2 264 2 Ilpu3Hak 1eIMMOCTH Ha 2.

126 2 132 2 ITpu3Hak 1eaMuMOoCTH Ha 3.

633662

213333

771111

11

252 = 22327 264= 23311

HOJI(252; 264) = 223 = 12. C kakuMu IMOKa3aTeIsIMu
MBI Oepem crenieHn? C HaMMEHBIIUMHU.

HOK(252;264) = 23+3%¢7+11= 5544. C xakuMu 1nokasate-
nsimu Mbl 6epeM crenieHn? C HanOOBIIMMHU.

KonTpoJsibHBIE BOPOCHL:

1) Ornpezenenne 1eHCTBUTEILHOTO YUCIA.

2) Ilepeuncnute OCHOBHBIE JEUCTBUSA C ACHCTBUTEIBLHBIMU
YUCJIAMH.

3) HazoBure n3BectHbie Bam 4ncioBbie MHOXKECTBA.



Jpo6u. leficTBUA € APOOGAMH

HeiictBus ¢ qpodsmu. HO3.
CBolicTBa paBEHCTB U HEPABEHCTB.

N —

OcHOBHOE CBOMCTBO Apo0H

ﬂ:m—'k, U 00paTHO m_-k:ﬂ (xk#0,n € z), T e

n n-k nk n
YUCJIMTENIb U 3HAMEHATENIb MOKHO YMHOKaTh WJIM JETUTH (CO-
Kpamiath) Ha OJHO U TO k€ YHUCII0, OTIIMYHOE OT HYJIS, — APOOb
HE U3MCEHUTHCA.

[Ipu crnokeHUHW W BBIYUTAHUU JOPOOEH C OJUHAKOBBIMU
3HAMEHATEISIMU HAJI0 CIIOXKHUThH (BBIYECTh) YHCIUTEIN U 3aIlv-

. 6 2 6-2 4
caTh oOIUi 3HAMEHATeNh (———=———=—).
7 7 7 7

[Ipu cnoXeHuu U BBIYUTAHUM POOEH ¢ pa3HBIMU 3HAMe-
HaTeJsIMM, HaJl0 IPUBECTH MX K HaWMEHbIIEMY O0lIeMy 3Ha-

3 7 9-14 5
MEHaTemno (———=——=—)).
8 12 24 24
YMHOXEHHE JIpoOell MPOM3BOMUTCS IO MPaBUIY:

m p mep
—e—=—" (M0 BO3MOXXHOCTH HEOOXOJIMMO COKpaIlaTh

n g negqg
2.7 1
—.—:—)

3 8 12

llenennie  npoOeil  MPOM3BOAUTCA IO  TPABIILY:
m p_m g _m-q

n.q n p n-p
[Ipu BBIMOTHEHUW NEWCTBHIA HAJ APOOSMH HAZO 3aMe-

9 1
HUTH HEMPaBUJIBHYIO APOOh Ha CMEIIAHHOE YUCIIO (Z = ZZ) "

2 3.5+2 17
HaobOoport: (3—=——"=—
pot: ( s s 5)



IIpumepsbl.
(10-(3*4-32)):5=6

213 43195
34 6
L1, 5_3
28 8
2ls69-16,1
3

PaBeHCTBO M HEPaBEHCTBO YHCeJI

Jlnst mroOBIX IBYX AEHCTBUTEIBHBIX YUCEN @ U b BO3MOXK-
HO JIMILb TPU CIIydasi COOTHOIIEHUH Mexay HuMu:1) a="b; 2) a
>b;3)a<b.

OcHOBHBIE CBOICTBa PaBEHCTBA M HEPABEHCTBA YHUCEIl
OYEBHIHBIM 00PA30M CIEAYET U3 CMBICIIA ATUX IMOHITHH:

1. Ecrma=b,10a—b=0ub—2a=0wuobpatHo,
ecima—-b=0ummb-a=0,T0 a=b.

Ha uyucnoBoii ocu paBHbIE YHciIa H300pakatoTCsi OJHON U

o . 9
TOM K€ TOUKOH, HallpuMep 15 n 0,6.

2.Ecmma=Db, 0 a+c=Db=*c (c—a000¢c uncio)
3.Ecima=Db, T0a-c=Db " c(c—m0boe uncmo)

4. Ecnmua=Db, TO ﬁzé (c£0)
c c

OcHOBHbBIE CBOIiCTBA HEPABEHCTB:
1.Eciu a>b,1T0a—b>0mb—2a< 0wuobpatHo, eciu
a—b>0wmmb-a< 0, toa>Db (wm, yro TO Xke, b < a)
HepaBHple unciia u300pakaroTcss pa3HbIMUA TOYKAMH YHC-
noBoii ocu. [Ipu 3ToM OGoINbIIEMYy YHCITYy COOTBETCTBYET TOUKA,
crosiias mpasee, a MEHbIIeMy — JieBee. B wacTHocTH J1F000€ OT-
pHIIATETTHHOE YHCIIa MEHBIIIE JIF00O0TO MOJIOKHUTEIEHOTO.

2.Ecrma>bwuc>0, 10 £>2 ;a>buc<0, 10 E(é
c c c c

3.Ecima>b, T0a+c¢>b=*c(c—mobdoe gucio)



4 Ecrma>buc>0,Toac>bc,aecau a>buc<0,
TO ac > bc.

OCHOBHBIE CBOWCTBA PAaBEHCTB U HEPABEHCTB YMCEN SIB-
JISFOTCSL OCHOBOM ISl BHITIOJTHEHUSI MaTeMaTHIECKUX Mpeodpa-
30BaHUI B ypaBHEHUSX U HEPABEHCTBAX.

IIpumepsl.

CpasHum uucna:

a) 0,8 u Z; 0) 21/1 0,6
9 15

Pemenne:
9 10 _
a) 0,8-128——7—272 70:i>0.3Ha‘-II/IT0,8>Z.
9 9 9 90 90 9

0) 2—0,6=§—0,6=0,6—0,6=0. 3Ha4YuT 2:0,6
15 5 15

Pewum ypasnenus (YpaBHEeHHE — PaBEHCTBO COJIEpKaIllee He-
W3BECTHOE. PelnTh ypaBHEHHE, 3HAUUT, HAUTU TAKOE 3HAYe-
HUE HEHU3BECTHOI'0, KOTOPOE OOPAIIAET €ro B BEPHOE YHCIOBOE
PaBEHCTBO, T. €. TOKIECTBO).

a)4—x=5x—8:6) 23

Peinenne:
a)4—-x=5x-8;-x-5x=-8—4;-6x=-12;x=2

0) 2x;1=—3;2x+ 1=(-3)-5);2x+1=15;2x=15-1;2x

=14;x=7
Pewumo nepasencmeo:

a)4—x < 5x—8; 6) 2"?)—3

Pemienune:
)4 —x<5x—-8;x-5x<-8—-4;-6x<-12;x>2

6) 2x;1>—3;2x+1<(-3)('5); 2XF 1 <15 2x <15 = 15 2x <

14;x <7

10



KonTpoJsibHBIE BOPOCHL:

1) OcHOBHOE CBOMCTBO APOOEH.
2) [Tepeuncnure cBOKCTBa IPOOECH.

IlonaTue creneHu. KopeHs. /leficTBUA CO CTEeNIEHAMHU U
KOpPHAMHU

1. CreneHu ¢ HaTypaJabHBIM LEIBIM IIOKA3aTENEM.
2. CreneHnu ¢ palluOHAIbHBIM [T0KA3aTEIIEM.

3. Kophwu.

4. IIpaBuia AEMCTBUA CO CTENIEHSAMU U KOPHSAMU.
5. [TponeHTHI.

Bo3Benenue B 1eJ1yIo creneHb

CreneHpI0 YHMCIIa a ¢ MOKazareneM n, rame n €N, a €R,
HAa3bIBACTCS MPOU3BEACHUE N MHOKHUTENEH, KaXIbli U3 KOTO-
PBIX PaBEH a:

a"=a*a*a*.. . *a (23=2-2-2=28). Buacraoctu 1" =1,
0°=0.

B BeIpaxxennn a" 4nciao a Ha3bIBAETCS OCHOBAHUEM CTe-
IICHH, a YKCJIO N — II0KA3aTelIb CTCIICHU.

al=a(2'=2),a"= in (23 = %:l), a’=1 (a #0) (2°

a 27 8

_ 1o_ 0_
_1;(§) =1;n =1

N3Bieyenne kopHsa. Apupmernyeckoe 3HAYECHHE KOPHS.

IIycte a €eR, n eN. Torma no onpeaeneHuro: %/Z =b,

ecnmu b" = a (KOpeHb N-HOM CTEMEHU U3 a paBeH, ecliu b creme-
HU N JaeT a), IJie a — MOJKOPEHHOE YHCIIO0, N — IMOKa3areib
KOPHSL.

Mpumep. 18 =2, 1. k. 23=8.
B wyacTtHOCTH, COIJIaCHO ONpEAETCHUIO KOpHS, HMMEEeT
3Hauenwue: /0 =0 (4/; )*=a(n eN)

11



Ecnu mokazarenb KOpHS n=2, TO KOPE€Hb Ha3bIBAECTCS
KBaJPAaTHBIM U MTOKA3aTeNIb KOPHS HE MUILIETCSA: J9=3.

IIpu n HeueTHOM 4A/a cymiecTByeT npu Jto0oM a €R u

BCErjla MMEET €IMHCTBEHHOE 3HadeHue. Hampumep: V8= 2,
-8 =-2

ITpu n yeTHOM ifa CYIIECTBYET JHIIb a > 0, HO UMeeT
IIPY 3TOM JIJIst BceX a > () 1Ba 3HAYCHUS.

Hanpumep: V4 =2 (22=4) J4=-2((-2) =4

Korma xopHs aBa, MpH3HABATh 32 KOPEHb JIMIIb €O I0-
JIO)KHUTEIILHOE 3HAYCHHME, KOTOPOE Ha3BaId apu()METHIECKUM
3HaYEHHUEM KOPHSI.

\/;2= X, ecan x >0

X, ecmu x <0 = /x/

Bo3Benenne B 1poOHYI0 CTeNEeHb

m
I[lyctb ae€ R, —eG.Torma, mo omnpeneneHuto, —
n

m

n m

a" =%a
2
IMpumep. 8° =3\/8_2=3 64' =4 4° =4

OcHOBHbIE PaBWJIa 1eHCTBUIL €O CTENEHAMHU U KOPHAMHU.
[Myctba;b;a; f € R, npuuem a >0,b>0,a u f- mo-
Oble. J[nsl yka3aHHBIX YHCEN JIOKa3aHbl CIEAYIOIIHME MpaBuia
JEUCTBUN CO CTEIICHSMH:

1) a“-a” =a***
2 (@) =a"

a a_ﬁ
3)(5) =5z

12



4)

a” _ 4P
bﬂ

S)(a-b)* =a“ -b*

[IpaBuna neiictuii ¢ kopasamu (a > 0,6 > 0,n € N)
D¥a-4/b=Xa-b

a  [a

b Vb

3HEay =Ha

4y i ="la

DopMyJibl COKPANIEHHOT0 YMHOKEHUS

2)

1) (a+B)*=a’+2aB+8>

2) a>-B’=(a-B)*(a+B)

3) (a-B)*=a’-2aB+B>

4) (a+B)*=a’+3a’s+3ap>+8’
5) a*>-p’=(a-B)*(a’+aB+8?)
6) (a-B)*=a’-3a’+3an>-B>
7) a’*+8°=(a+B)*(a’-aB+8?)

IIpoueHTsI

[Tycth a (en.) - HEKOTOPOE TMOJIOKUTEIBHOE TCHCTBUTEIb-

HOC YUCJIO, OPCACIIIOIICES KOJIMYCCTBO I-Iel“O-HI/I6yI[I>. Toraa co-

Tas A0JIs BEJIMYWHBI 4 Ha3bIBACTC npoyernom BEINYUHEI a.

Hanpuwmep, ecnu a=150 kr, To 1% ot 150 xr Oyner co-

craBiath 150/100=1,5(kr). A 20% ot a=150 kr Oyzaer paBHO
20 -1,5=30(xr). O6paTHO, MycTh TpedyeTcs HANTH, CKOJBKO
MPOLEHTOB COCTAaBIAET YacTh B 18 kr ot nenoro B 150 kr? Tak
kak 1% ot 150 kr cocrasmster 150\M00=1,5 kr, To 18 xr co-

ctaBisioT oT 150 kr 18\1,5=12%.

13



3aay Ha MPOLEHTHI YI0OHO pelaTh, 3alKicaB yCIOBHE
B BHJE IIPOIOPLUH, T.€. B BUAE ABYX CTPOYEK, B KOTOPHIX Cie-
Ba MPEJCTABIECHbI BETUYUHBI, a CIIPABA - UX BBIPAXKEHUS B IPO-
LIEHTaX.

IIpumep. Cxonpko Kr coctaBisitoT 20% ot 150 kr?

Pemenune: 3anuceiBas AAaHHBIC B BUAC MPONOPHHUU U PC-
mas e€, HaXOAUM:

150 xr - 100%

X KT - 20%
19020 ..
100

IIpr 5TOM MBI MCIIOJIB30BAIM U3BECTHOE MPABUIIO peLIE-
HUS TPOMOPUUA: YTOOBI HAWTHU M3 MPOMOPIMH HEU3BECTHYIO
BEJIMYMHY, HY)KHO Pa3JeIUTh HA YUCIIO, CTOSIIEEC HA TOM XKe
JUArOHAIU MPOIOPLUH, I[I€ CTOUT HEU3BECTHOE IIPOU3BECHUE
41Cell, CTOSIIMX Ha IPYrou JUaroHalu.

KonTpoJsibHBIE BOIPOCHI:

1. IlpaBuna u3Biae4YeHUs KOPHEH.
2. JIeHCTBHS CO CTCICHSIMHU.
3. CoctaBbTe 33/1a4y Ha MPOLECHTHI.

TpuroHomerpudyeckre GyHKIMU YMCI0BOr0
aprymeHTa. PopMyJibl NpUBeJeHUA

[TonsTue yria.
Tpuronomerpuueckue GyHKIIH.
EnvHn4Has OKpyKHOCTb.
DopmyJibl IPUBEACHUA.

P

JIro6oii yros usmepsercst 100 B rpalyCHON Mepe u3Me-
peHus (€AMHHMIA W3MEpEeHUs — Tpanyc) Jau00 B paguaHHOMN
(emuaMIAa W3MepeHus — paguan). OQUH TyrOBOM TpaIyc — 3TO

14



3—é0 4acTb OKpYXHOCTHM. OIMH YII0BOW rpajyc — 3TO LEH-

TpaJibHBIA YTOJI, OMUPAIOIIMIICA Ha AyroBou rpaayc. Paauan-
Has Mepa yrjla — 3TO OTHOILLIEHHUE JJIMHBI IyTU K PaJnyCy 3TOM
nyru. Pajiad — 3TO LEHTpadbHbIM YroJl, OMUPAIOIIHIICS Ha Y-
Ty, paBHYIO JUIMHE pajanyca 3To 1yru. OKpy>KHOCTb COACPKUT
27 pamuaH, paBHbIM 360°.

Jlns mepexoja OT rpaayCHOM MEpbl U3MEPEHUS yria K
paanaHHON W HA00OPOT MOXKHO TOJB30BaThCA (GopMyramu:
360" -2x . 180" -« A-r

>AA=—; a=

A’ —apan V4 180°

OcHOBHbBIE TPUTOHOMETPHUUYCCKHUE TOKICCTBA

. ) cosa 2 1 1
sin“a+cos” a=1 ctga =— l+ig’a=— =seca
sin cos"a  cosa
_ sina -1 1 S| _
tga = tga-ctga = toga=—— —— = coseca
cosa sin“a  sina

W3 onpenenenus ¢ynkuun sinx < 1cosx <1, ¢dyHknun
OTpaHHYEHHEIE.

OcobeHHOe BHUMAHHE CIeyeT YIeIUTh TakuM yriaam, kak 0°
(360°), 45°,90°, 180°,225°. Mx Ha3BIBAIOT «30J0THIMIY YTIAMH.

3HAKU TPUTOHOMETPHYECKNX (PYHKIMI M0 YeTBEPTAM
| 1I III v
sin + + — -
cosa + — — +
ga + — + —
ciga + — + —

15




Ileproau4HOCTH TPUTOHOMETPUYECKUX PYyHKIMIA

sin(a+360°) =sina
T =360°— nepuon
cos(a+360°) =cosa

tg(a+l80°):tga
T =180°— nepuon
ctg(a+180°) =ctga

@®opMyJbl IPUBETEHUSA:
sin(90° —a):cosa
cos(90° —a):sina

sin(180° —a):sina

cos(180° —a) =—cosa

1) 3Hak pe3yabTara Oepercs Mo 3HaKy JaHHOW (DYHKITUHU B
3aBUCHUMOCTH OT YCTBCPTH.
2) Ecnu ocTpsriii yron GepeTcst mpu rOpU30HTAIBHOM JHa-

MeTpe, T.C. (180° ira) u (360° ia), TO Ha3BaHUE (YHKIMU HE
U3MEHSETCA; €CIIM IIPU BEPTUKAIBHOM, T.C. (90° ia) u

(270° ia) , TO Ha3BaHWE (YHKLUUU H3MEHSETCS Ha MPOTHBO-

IOJIOXKHYIO.

IIpumepsl.
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sin(180°+a):—sina sin(270°—a):—cosa

cos(90° +a)=—sina cos(360° —a)zcosa
tg(180°—a):—tga ctg(90°+a):—tga
YpocTurs:

sin(180° —a)~cos(90° +a) ~ sina~(—sina) ~ —sinta I
cos(360° —a) . sin(270° —a) cosa-(—cosa) —cos’a &

KoHTpos1bHBIE BOIPOCHI:

1. OmpeneneHust TPUrOHOMETPUYECKUX (DYHKIIMIA OCTPOTO yIJia.

2. UYto Ha3bIBaeTCd CMHYCOM, KOCHHYCOM, TaHT€HCOM, KO-
TAHI'€HCOM YHCIIOBOIO aprymMeHTa’?

3Haku QPYHKITUH IO YETBEPTSIM.

[lepeuncnanTh 4YETHBIE TPUTOHOMETPUYECKHE (QYHKIINU.
[lepeuncnuth HEYETHBIE TPUTOHOMETPUUECKHE (PYHKIINU.
Kakue ¢pynkuun umeror nepuon 27z, z?

Nk Ww

®opmyJibl TPUBEICHUS.

®opMy.JIbl CI0)KEHUA U MX C/IeACTBUS. POpMyJIbI CyMMBbI
Y Pa3HOCTH OJHOMMEHHBIX TPUTOHOMEeTPUYEeCKUX

dyHK Mt
1. DopMyIIbl CITI0KEHUS, PA3HOCTH.
2. OcHoBHbIE IpaBUIIA.

K tpuronomerpuueckuM (pyHKIUSIM TPUMEHUMBI (OPMYJIbI CIIOMKE-
HUSI, BBIMUTAHUS M YMHOMKEHUSL. PacCMOTpUM HEKOTOpBIE U3 HUX.

sin(a— ) =sina -cos S —cosa -sin 8

sin(a+ ) =sina-cos f+cosa -sin 8

cos(a+ ) =cosa-cos f—sina-sin B

17



|cos(a—,6’):cosa-cosﬂ+sina-sinﬂ‘

tgatigf
ig(atp)=—22=E
g(a ﬂ) lFtga-tg p

ITpu o = B umeem
|sin2a = 2sina - cos |

cos2a = cos’ a —sin’ a

2
1g2a = -

1- tgza

.o a
HmeeMm: sin® —+cos’ — =1

U .2
COS ——SIn —=CoS«x
2 2

a .2
U torpa |l +cosa :2c0525 1—cosa =2sin>=

sin? & l(l—cosoz)
& ) I-cosa
2 s —(1+cosa) teosa
2 2
a \/l—cosa a l-cosa sina
tg—=%,|—|mm |Ig—=—— =
2 1+ cosa 2 sin o 1+ cosa

DopMyIBl CyMMBI H Pa3HOCTH OJTHOMMEHHBIX TPUTOHO-
METPUYECKUX (QYHKITHI.

sina+sinﬁ:2sina+'g-cosa;ﬂ
OH_ﬂ-sina_ﬂ
2 2

sina —sin f =2cos
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a+ﬁ-cosa_'g

cosa +cos f=2cos

2 2
cosa—cosﬁ=—25ina+'g-sina;'g
sin(a £
tgaitgﬂ:—( 'B)
cosa -cos [}
sin(a +
ctga+ctg,6’=M
sina -sin
sin(a —
ciga—cigf = —M
sina -sin

KoHTpos1bHBIE BOIPOCHI:

1. IIepeuncnure OCHOBHBIE JNEUCTBUSA c
TPUTOHOMETPHUECKUMH (DYHKIHSIMH.
2. HazoBuTe 0OCHOBHOE TPUTOHOMETPUUECKOE TOXKAECTBO.

I'paduku 1 cBOIiCTBAa TPUTOHOMETPUYECKUX PYHKIUM.
[Ipocrenimue npeo6pa3zoBaHus rpapuKoOB
TPUTOHOMETPUYEeCKUX QYHKIUM.

DyHKIHS CUHYC, €€ CBOMCTBA.
DyHKIHA KOCUHYC, €€ CBOMCTBA.
DyHKIMS TAHT€HCA, €€ CBOKCTBA.

b=

DyHKIHUS KOTAHT€HCa, €€ CBOMCTBRA.

Dyuknusa y = sinx

19



Ha pucyHKe moka3aHo MOCTpoeHHUe Tpaduka CHHyca Ha

0; 27r]

OTpe3Ke. [

PaccmMoTpuM OocHOBHBIE CBOMCTBA (YHKIIMU y=SinX:

1) O6nactp ompeneneHust GyHKIUU - MHOXKECTBO BCEX JEi-

D(f): R
CTBUTCIJIbHBIX YHCECJI
2) MHOXeCTBOM 3HauYe€HUW (DYHKIIMHU SIBISETCS ITPOMEKYTOK

E(f): [-1 1]

3) OyHKIMS ABISETCS HEUETHOM, rpad)uK CUMMETPUYEH OTHO-
cuTenbHO Hauvana koopauHat (0;0).

4) Oyuknus nepuoanueckas. HauMeHbIINi MOJ0KUTENbHBII

Ty=2m
IEPUOJ paBeH

5) I'paduk pynkuuu nepecekaer och OX (Hyiau (QYHKIMH) B
(7, 0), keZ

TOYKaX

6) I'paduk pynkuum nepecekaet och Oy B Touke (0, 0).

7) ®yHKIUSA NPUHUMAET IOJIOKHUTEIbHbIE 3HAUEHUS HA IPO-

(27k, w+27k), keZ
MEXYTKax
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8) dyHKUMS MPUHUMAET OTPUIIATENIbHBIC 3HAUECHHUSI Ha MpOMe-
(—7r+ 27k, 2mk), keZ
JKYTKax

9) OyHKIUA BO3pacTaer Ha MPOMEKYTKaX
Vg T

-—+27k, —+27k |, keZ

| 2 2

10) OyHKUIUS yObIBaeT Ha MIPOMEXYTKaxX

1;+2nk; 3;+27rfc], keZ

(—f+ 2k, —1], keZ
11) Toukn MUHUMYMA: 2
(’—T+2mc; 1}, kezZ
12) Touku makcuMymMma:
13) I'padukom (pyHKIMHM SBISIETCS CHHYCOUIA

|
Lad
|

|
{
m|$—
|
5 7
ol
<
3
Ld
=
<
=
L
"y

DYyHKIUA Y = COSX

I'paduk xocuHyca momyyaercst U3 rpaduka cuHyca ¢ 1mo-
T

MOIIBIO IMAPAJLICIIBHOTO TIEPEHOCA Ha PACCTOSTHUE 2 BeBo.
OcHOBHBIE CBOWCTBA (PYHKIIMU Y=COSX:
1) OGnactp ompeneneHuss QyHKUUH - MHOXKECTBO BCEX Jeii-

D(f): R

CTBUTCIBHBIX YHUCCII
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2) MHOXeCTBOM 3HauyeHUU (DYHKIIMHU SIBISETCS ITPOMEKYTOK
E(f): [-1 1]
3) OyHKIUS SABISIETCS YETHOU, TpauiK CUMMETPUYCH OTHOCH-
tenbHO ocu Oy.

4) Oyuknus nepuoanueckas. HauMeHbIINi MOJ0KUTENbHBII

=27
MEPUOJ paBeH

5) I'paduk pynkuuu nepecekaer och OX (Hynau (QYHKIMH) B

Z bk 0], keZ
TOYKaX
6) I'paduk pynxum nepecexaer ocb Oy B Touke (0, 1).
7) ®yHKIMS NPUHUMAET MOJOXKHUTEIbHBIE 3HAYCHUS HA IIPO-

T T
(—-+27r1c; 5+27rk], kezZ
MEXKYyTKax
8) dyHKuMS MPUHUMAET OTPULIATENIbHbIC 3HAUEHHUSI Ha MpOMe-

T 3T
(— +27k, — +27rk], kel
KYTKax 2
9) OyHKIUA BO3pacTaeT Ha MPOMEKYTKaX
[-7+2nk, 27k, keZ
10) OyHKIUS yObIBaeT Ha MTPOMEKYTKAX

|27k, 7427k, keZ
(7+27k, -1), keZ
11) Toukn MuHUMYMa:

2mic, 1), ke Z
12) Toukn MaKCHMyMa: ( 7, ) <

13) I'padukom yHKIMH ABISIETCS KOCUHYCOU/1A
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Dyukuua y = tgx

Sin x
y:tgx:
COSX

OcHOBHBIE CBOHCTBA (DYHKIIUHN y=tgX:

D(y): x¢g+7ﬂc,kez

2) MHOXeCcTBOM 3HaYeHUH (PYHKLIUU: E(y):R

3) OyHKIUS SABISIETCS HEYETHOU, TpaduK CUMMETPUYEH OTHO-
cuTenbHO Hauvana koopauHat (0;0).

4) Oyukus nepuoandeckas. HanMeHbIMA MOM0KUTETbHBIN
NepUoOJT paBeH #

5) I'paduk pynkuuu nepecekaer och OX (Hynau (GYHKIMH) B
Toukax X = .k EZ

6) I'paduk pynxum nepecexaer ocb Oy B Touke (0, 0).
7) ®yHKIMS TPUHUMAET MOJOXKHUTEIbHBIE 3HAYCHUS HA IIPO-

xe(ﬁk; §+7rk],keZ

T
cosx=0 x¢5+7m,neZ

1) O6nacte onpeneneHus: GyHKIUH:

MEXKYTKax
8) dyHKUMS MPUHUMAET OTPULIATENIbHbIE 3HAUEHUSI Ha MpOMe-

Vi3
X€E (——+7rk; ?TkJ,kE Z
KYTKAX 2
9) OyHKIUA BO3pacTaer Ha MPOMEKYTKaX

(-fmk-, fmfc],k ez
2 2
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10) IIpomexxyTku yOBIBaHUS OTCYTCTBYIOT.

11) Touek MUHMMYMa HET.

12) Touek MakcuMyMa HeT.

13) I'padukom QyHKIMH SBISIETCS TAHTCHCOMIA!

Y 4

Yy mmmmmmmmmmm e
L d

T [ T
= 4 4
T T T T T
T T n 5 X
- - —
4 12

:4++LL..-.-.-..-.-...-.-.-.
=

Lad

=

-

=

|
—_

-_______________JQ4é;L.____________________

=]
-———————————————*a+
-________________I-J_|

DyHKuua y = ctgx

CosSXx .
y=cClgx =— sinx#0,x#7n,neZ
sin x

OCHOBHBIE CBOMCTBA (PYHKIMH y=CtgX:
D(y): xenk,kelZ

2) MHOXeCcTBOM 3HaYeHUH (PYHKLIUU: E(y): R

3) OyHKIUS SABISIETCS HEYETHOU, TpaduK CUMMETPUYEH OTHO-
cuTenbHO Hauvana koopauHat (0;0).

4) Oyukus nepuoandeckas. HauMeHbINA MOMOKUTETbHBIN
nepuos paBeH #

5) I'paduk pynkuuu nepecekaer och OX (Hynau (QYHKIHH) B

x=limkkeZ

1) O6nacte onpeneneHus: GyHKIUH:

TOYKax
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6) ®yakuun He nepecekaet ock Oy.
7) @yHKIUS TPUHUMAET IOJIOKUTEIbHbIC 3HAYEHUS Ha Ipo-

bid
X€E (mc; §+7rk),keZ
MEXYTKax
8) dyHKUMS MPUHUMAET OTPULIATENIbHBIE 3HAUEHUSI Ha MpOMe-

Vi3
XE|——+7k, ﬁkJ,kE Z
KYTKAX
9) ®yHKuMs HE UMEET MPOMEKYTKOB BO3pacTaHUSI.

k, w+7k),keZ
10) TIpomexyTku yObIBaHUs: xe(;r Sk ) =

11) Touexk MUHUMYyMa HeT.
12) Touek MakcuMymMa HeT.
13) I'padukom yHKIMH SBISETCS KOTAHTCHCOMIA!

v
3

A
-~

¥ S
Lad
=
| )
e
|--J| :_;.
"oy

KoHTpos1bHBIE BOIPOCHI:
1. CgoiicTBa GyHKIIUH y =Sin X .

2. CaolicTBa (YHKIIUU ) = COS X .
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3. CpoiicTBa (yHKIMH y =1g X.
4. CpoiicTBa GyHKIMU Y =CIg X .

dyHKIUU, UX CBOUCTBA U rpaduKu
1. Uucnosast pyHKIMS, CriocoObl 3a/1aHus, 00J1aCTh OTpe/e-
JICHUS, MHOXKECTBO 3HAUYCHMI.
2. OcHoBHBIE cBOMCTBAa ()YHKIIMH: MOHOTOHHOCTh, OTPaHH-
YCHHOCTDb, ICPUOAUIHOCTD, YUCTHOCTh — HCUCTHOCTD.
3.  TlonsTtue 06 oO6paTHOM PYHKITUH.

YucinoBass pyHKUIMA: OCHOBHbIE IOHATHSA M ONpPe/IeSIeHUs
[Tonatne ¢GyHKIMU SBISETCS IEHTPAJIbHBIM TMOHATHEM
MaTEeMaTHKU U HE TOJBKO MaTeMaTHdeckoro ananuza. Bernowm-
HUM HIKOJILHOE OTpe/esieHue (yHKITHH.
Ecnu kaxnomy anemMeHTy x MHOKecTBa D cTaBuTCS B CO-
OTBCTCTBUC GI[I/IHCTBGHHBIfl 9JICMCHT )y MHOXCCTBA E, TO T'OBO-

pAT, 4T0 Ha MHOXecTBe D 3azmana Gynkumst y = f(x), rae x —

apryMeHT — He3aBUCUMas TNEepeMEeHHas; y — 3aBUCUMas; OHa
HaxOJUTCS 10 3aKOHY: f.

MuoxectBo D HasbiBaeTcsi o6aacmblo onpedeneHus
¢byHKIIMH, MHOKECTBO E Ha3bpIBaeTcs MHOXXECTBOM 3HAaYCHH
GbyHKIMN.

MOo3KHO JaTh M TaKO€ OMPEEICHUE YUCIOBON (PYHKIIUU:
uucnoeas @yHkyus — 3TO MHOXKECTBO map (X,y), cpenu KOTo-
PBIX HET Map ¢ OJIMHAKOBHIM MEPBHIM 3JIEMEHTOM.

Kak ompenensercs, 3amaercs ¢ynkuusa? [Ipexnae Bcero
dbopmysoii, MO KOTOPOW IO 3aJaHHOMY X HAaXOJHUTCS Y.
Hanpumep: f(x) = x* +x +3. [TojacTaBum X = 2 HOIy4um y = 9

OyHKIMS MOXET 3a/1aBaThCsi HE OJHUM aHATUTUYECKUM
BBIPXKEHHEM, a HECKOJIbKUMHU, HAIIPUMED:

2
x°, ecaux<0;

x, eciux =0
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OueHp 4acTo 3aBUCUMOCTh OJTHOW IMEPEMEHHON BEIMYMHBI
OT JPYroil HEBO3MOKHO BBIPa3UTh aHAIMTUYECKH, HO TaKas 3a-
BHCHUMOCTbH CYIIECTBYET M ONPEIEISICTCS OHA B BHJIC TAOJTHUITHL.

X X1 X2

y yi y2

B Takom citydae roBopsT 0 TaOIMYHO 3aJaHHOM (yHK-
nuu, odmenpuHsaTas adbOopeBuarypa: T3D OO6parute BHUMA-
HUE, 4TO CPEIU 3aJJaHHBIX IIap Yuceln (X;y) HET Iap ¢ OJUHAKO-
BBIM IE€PBBIM AJIEMEHTOM, B TakoM ciydae T3P He SBISIUCH
ObI PyHKITHEH.

3anummTe e1e onpeaeaeHue YMCIOBON (DYHKITHH.

Yucnosas ¢yHkyus — MHOXKECTBO Tap (X;y), Cpeau KOTo-
PBIX HET Map ¢ OJIMHAKOBHIM MEPBHIM 3JIEMEHTOM.

W, nakoHel, Korga He yJaeTcsk HAWTH aHAJIUTHUYECKOTO

BolpaxkeHnst A y = f(x), Halitn MHOXecTBO map (X;y), TO

(GYHKIIHIO MOXKHO 33/1aTh TpaMuecKy, T.€. ee rpaduxom.

PaccmoTpuM TOHSATHSA, BBIpaXKArOIIUE T.H. 00wue ceoli-
cmea QYHKIHMA.

Monomonnocmes. Ecnu uist X1, X2 , IPUHAMJIECKAILUX UH-
TepBaiy (a;b) u yIOBIETBOPSIONINX YCIOBUIO X1, < X2 CIEAYET
f(x1) < f(x2), TO, TOBOPAT, uTO Ha (a;b) 9Ta QyHKIMS BO3pacTa-
eT. Mnu, xak TOBOpUJIM B IIKOJIE, €CJIU OONbIIEMY 3HAYEHUIO
apryMeHTa COOTBETCTBYET OoJiplliee 3HaYeHHE (YHKIMH, TO
¢dbyakumst  Bo3pacTtaeT. CaMOCTOSITENbHO — chopmymupyiiTe
ornpenenenue yowiBatone QyHkiuuu. Eciu QyHKIUS TOIBKO
BO3pacTaeT WM TOJbKO YOBIBAET B 00JIACTH ONpeAeNeHus, TO O
TaKo (YHKIIMU TOBOPST, YTO OHA MOHOmMoHHA. Tak nuHeNHHas
(GyHKIUS, CTENEHHas! ¢ HEYEeTHBIM MMOKa3aTesIeM SBIISIOTCS MO-
HOTOHHBIMH, a MOMYJSpHAs Y = X MOHOTOHHOH He SIBNIseTC,
T.K. ipu X < 0 oHa yObIBaeT, a nmpu X > () oHA BO3pacTaer.

Oepanuyennocms. Ilyctb Ha D 3amana  ¢yHKuus

y=/f(x). Ecnu cymectByror Takue uncia m u M, 4to s
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BceX X € D, uro m <f(x) < M, 10 roBopsT, 4T0 (ByHKIHUS

orpaHuydeHa B objactu ompeneneHus. Pa3nuuaior u Takue mo-
HATHUS, KaK OTPAaHUYEHHOCTh CHU3Y U OTPAaHUYEHHOCTH CBEPXY.
Tak, y = x> — HeorpaHuueHHas (HyHKIMS, Y = X° — OrpaHHYEHA
CHM3Y, T.K. OHa HEOTpHIIaTelIbHa B 00JACTH ONpPEICIICHUS. y =
SINX U Yy = COSX — OTpaHUYCHHbIE (YHKUUH, T.K. OHU HPUHH-
MArOT 3HAYEHUsI TOJIBKO U3 oTpe3ka [-1; 1] — 3TO MX MHOKECTBO
3HAYEHUU.

Yemnocmv u neuémuocmo. OyHKIUS Ha3bIBae€TCA Yem-
HoU, ecnu ee 00JacTh ONpeNieNeHUss CUMMETpPHUYHA OTHOCHU-
TenpHO X =0 1 f(—x) :f(x);

OyHKIMS HA3BIBACTCS HeuemHol, ecy ee 00JacTh ompe-
JIeTICHUS] CHMMETPUYHA OTHOCUTENIBHO X =01 f (—x) =—f (x) .

I'paduk y€THON GYHKIMM CHMMETPHYEH OTHOCHTEIIBHO

OCH OpJIMHAT, @ HEYETHON — OTHOCHUTEIIbHO HavYaJla KOOPAUHAT.
K gerHbIM (yHKIIMSIM MOXKHO OTHECTH Yy = xz, Yy = COSX,

y:%,HGHGTHHX y =X, y = sinx, yzl, yzé/;.d)yHKum
X X

Y =~AX HC OTHOCHUTCA HHU K YCTHBIM, HU K HCUYCTHBLIM, IIOTOMY

KaKk ee 00JIacTb OIpPEIENICHUsI HECUMMETPUYHA OTHOCHUTEIBHO
Hyns. Takue QyHKIMM Ha3bIBAIOT (QYHKIMAMH OOILETO BUA.

IIpumep.
3
f (x)zzx—l;HOI[CTaBI/IM B (QYHKIHIO BMECTO X (-X),
x4+

OyJeM UMETh:
3 3 3
—X -X X
Fen="C) o X () Torymwm
(—x)"+1 x"+1 x +1
ofpeieNieHne HeueTHON (DyHKINH, BBIBO/L: (DYHKIIMS HEUEeTHAsI.
Ilepuoouunocms. OyHkIUS Y = f (x) HAa3bIBACTCs MEPHU-

OJIMYECKOM, €CITM CYHIECTBYET Takoe yucio T, 4Tto Jyis Bcex X
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U3  00JacTd  ONpeNeNicHHsS  BBIMOJHSETCS  PaBEHCTBO:
f(x+T):f(x), 20e T#0

O4eBUAHO, YTO €CJIM CYIIECTBYET Takoe ynucio T, Ha3bIBa-
€MO€ MEPUOJIOM, TO uucio nT, rae n — 1enoe Yucio, TAKKeE SIBIIs-
€Tcs IepruoJIoM 3TOKM (QyHKIMH. BajkHelme npeacTaBuTeNu Ie-
pHoIMUYEeCKUX (PYHKIUI — TPUTOHOMETpUYECKHE (PyHKIIUH.

PaccmoTpum mpakTuueckue 3afaud Ha OThICKaHHE 00Ja-
CTH OIpEJeNICHUS] HEKOTOPhIX (PYHKIMI. 3aMeTHM, YTO MHOTO-
YJIeH OIpe/eieH Ha BCEM MHOXKECTBE JAEMCTBUTEIBHBIX YHCEIN:
D =R. Tak a1 Qpyskuun y = x> + 6x — 7 D = R. JIpo6HO — pa-
MOHANIbHASL (PYHKIMS OMpezesieHa JUIsl BCeX X, MPHU KOTOPBIX

€€ 3HaMEHarellb OTVIMYEH OT HyJs. Hampumep:

x*—x—6
y:2—1 o0nacTeio ompeaencHus: OyaeT Bce MHO-
x f—

’KECTBO JICHCTBUTEIBHBIX YHMCEII, OTINYHEIX OoT -1 1 1. Ha sa35I-
ke uHTepBaIoB D = (-00; -1) U (-1; 1)U (1; ).

Ilousamue 06 oopamuou ¢hynkyuu. O4eHb BOXHOE H TIIy-
00KOe TIOHSTHE.

[ycth nana GyHKuMs y = X°. Byjem fganee cuuTaTh He-
3aBUCUMON TEPEMEHHOM y, a X — ero (pyHKIHeH, BBIpasuM X
yepe3 y x = %/; ¥ 3aMEHUM, KaK TO MPUHATO 00O3HAYaTh ap-

TYMEHT ¥ (YHKIIMIO, X Ha Y U Y Ha X, OJIYyIUM

y=1s.
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Bor 3Tu e GyHKIMH y = X°, yz%/; U HAa3bIBAIOTCA

83AUMHO 0OPAMHBIMU.

[TocTpouB rpaduku 3TuxX GYHKIHUA, MBI YOEIUMCS, 9TO
OHU CHUMMETPUYHBI OTHOCHTEIBHO OMCCEKTpHUCH 1-3 Koopau-
HaTHBIX YIJIOB. 3alIOMHHUTE 3TO CBOMCTBO TpaMKOB BCEX B3a-
UMHO OOpaTHBIX (PYHKITHIA.

KoHTpos1bHBIE BOIPOCHI:

1) Hate onpenencHue GyHKIMH.

2) Uro Takoe 06J1acTh ONpeIeIcHus?

3) UTto 03HaYaET MOHATHE «OTPAHUYECHHOCTH (DYHKITHH»?
4) Kakwue ¢pyHKIIMM Ha3bIBaIOTCS MOHOTOHHBIMH?

5) UYTo MOXXHO CKa3aThb O CHMMETPUYHOCTH TpaduKOB
YETHBIX M HEUETHBIX (PYHKIUI?

6) KakoBa meToauka omnpeneneHusi Y4eTHOCTH — HEYETHO-
ctu pyHKIMU?

7) Kakune pyHKImm nepuoguveckue u Kak 3TO 3amucarh?
8) st kakux (pyHKIHI BO3MOKHO OCTPOUTH 00paTHy0?
9) ChopMmynupoBaTh aJIropuT™M TOCTPOSHUS OOpaTHOU
byHKIMH.
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OGpaTHbIe TPUTOHOMeTpUYecKrue QYHKIIUM, UX
CBOWCTBa U rpaQpuKHu

1. ApKcuHyC.
2 ApKKOCHHYC.
3. ApKTaHIe€HC 1 apKKOTAHTEHC.

y =arcsin x
OyHKIHS y =sinx, rae x €(—o0;+00) He SBISETCS MO-

HOTOHHOH Ha 3TOM mnpoMmexytke. [1o3Tomy, 4TOOBI TOBOPHUTH
00 oOpaTtHOW (PYHKIIMH, HAO BBIICITUTH Y4aCTOK MOHOTOHHO-
ctu. Jlna  ¢yHkumm  y =arcsinx  ABISETCA  OTPE3OK

V4 V4 . . .
——SXSE.I/ITEIKI y=s8Inx x=arcsiny Yy =arcsinx

CpoiicTBa PyHKIIMHU ) = arcsin x
1) O6nacts onpenencrus x € [—1;1]
2) MHOeCTBO 3HaUEHUN y € [—%,%}
3) arcsin (—x)=—arcsin x
4) @yHKIIMS MOHOTOHHO BO3pacTaeT [—1;1]
5) I'paduk.
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3102
---1-k5Hq-----
H : x
2 A i 2
---b RS- -
3142
y = arccos x

y=CosX
x =arccos y [Ipomexyrok moHoToHHOCTH 0 < x <77

Y =arccos x
CBoiicTBa PyHKIHMH ) = arccos x

1) O6nacts onpenencrus x € [—1;1]

2) MHOXeCTBO 3HaYCHUHN Y € [0;7[]

3) arccos(—x) =7z —arccos x

4) @yHKLUsI MOHOTOHHO Y0biBaeT [—1;1]

5) I'pacux.

T

\ A




T T y=1igx
[IpoMexXyTOK ~ MOHOTOHHOCTH  ——<X<—
2 2 X =arctgy

y =arcitgx
CgoiicTBa QyHKIIUU Y = arctgx
1) OGnacts onpeseneHus x € (—oo;+o0)

2) MHOX€eCTBO 3HAYEHHH Y € (—%,%j
3) arctg (—x) = —arctgx
4) OyHKUKS MOHOTOHHO BO3PAcTaet (—o0;+00)

5) I'paduk.

g

P S
S, S -

g

y =arcctgx
y=ctgx

[IpomexyTok MOHOTOHHOCTU O<x<rxm
X = arcctgy

y = arcctgx

CaoiicTBa GyHKINHU Y = arccigx

1) OGnactb onpeseneHus x € (—oo;+o0)
2) MHoskecTBo 3HadeHuii y € (0;7)

3) arcctg (—x) =T —arcctgx
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4) OyHKIHS MOHOTOHHO YOBIBaeT (—oo; +oo)
5) I'pacuk.

4

1.57

3142 1571 0 1571 3142 471

-1.571

BeInonHeHne MPOCTEUININX TPUTOHOMETPUYECKHUX Ollepa-
M Haj arc-(Q)yHKIMSIME MOKET OBITh OrpesiesieHa (opMyTaMu:

sin arcsinx) =x cos( arccos.x) =x
sin(arocos x) =v1-x" oos(arcsinx) =v1-x"
sin( arcigr) = !

e )
) 1 cos( _ X
sin( arceigx) = T (arccrgx) T
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g (arctgx) =X ctg (arcctgx) =X

tg (arcsinx) = \/x_z ctg (arcsin x) = J1=x?
I-x X
[ 2
1g (arccos x) = I=x ctg (arccos x) = al =
I-x
1 1
1g (arccigx) =— ctg (arcigx) =—
X X

Mexnay arc-QyHKIHMSIMU CYHIECTBYIOT OCHOBHBIE COOT-
HOILICHMSL:

. T
arcsin x +arccos x = —

T
arctgx + arcctgx = 5

arcsin (—0,389) arccos(—0,618)
arctg7,24 arcctg0,608

KonTpoJsibHBIE BOPOCHI:

1) Uemy paBHBI yIJIbL:

arcsin % arctg\3 arcsin (—0,76) arctg(-2)
3
arccos =~ arcctgl arccos(—0,326) arcctg (—0,45)
2) O6nacte omnpeaesieHus OOpAaTHBIX TPUTOHOMETpHYE-

CKUX (DYHKIIUH.
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[IpocTeiimye TPUroHOMeTpHUYECKHUE YPAaBHEHMS, UX
pelieHue

1. VYpaBHeHHs Sinx =a; COSX=a; Igx=a; cigx=a

YpaBHeHus BUA
sinx =a; cosx=a; Igx =a; ctgx =a Ha3bIBAIOTCS IPOCTEMU-
IIMMH TPUTOHOMETPUUECKUMH YPABHEHUSIMHU.

Dsinx=a |a|£1
2)cosx=a |a| <1

180° —x =arcsina +360° - n
X =arccosa-+2xn

—Xx =arccosa+2xn

x=zarccosa+2znne”z

OTCIOZ1a
x=180° —arcsina+360°-n

x=arcsina+360° -n

x=(-1)"arcsina+zn,neZ

Hanpumep:
cosdx=-0,712
4x =+arccos(—0,72)+2z-n,neZ

4x=%13524"+360" -n,ne Z

sinx =0,437
x=(-1)"arcsin 0,437+ rn;n e Z

x=(-1)"2554'+180" m;ne Z

36



tgx = a ; a— mo0oe 3HaUeHNE
ctgx = a ; a— moboe 3HaUeCHUE

Hanpumep:
X
tg—=4
g2
X
Ezarctg4+7m,neZ
x ) 2 )
5275 57"+180" -n,ne Z

KoHTpos1bHBIE BOIPOCHI:

1) 3anummre hopMynbl perieHuii ypaBHEHUH BUA:

1)sin x = a 8)tgx =0
2)cosx =a 9)ctgx =1
3)tgx = a 10)cosx = -1
4)ctgx = a I11)cosx =1
5)cosx =0 12)sinx =0
6)sin x =1 13)ctgx =0
7)sinx = -1 14)tgx =1

PemmieHne TpUroHOMeTpUYECKHX HEPABEHCTB.
1. PelieHne TpuroHOMETPUYECKUX HEPABEHCTB

[IpocTelmiumMu TPUTOHOMETPUYECKHUMHU HEPABEHCTBAMU
Ha3bIBAIOTCSl HEPABEHCTBA BUIA

sinx<m cosx<m tgx<m ctgx<m

sinx>m cosx>m tgx>m clgx>m

7€ M — JTaHHOE YHCIIO

Pemntes npocreiinee TPUroHOMETPUYECKOE HEPABEHCTBO
— 3HAYUT HAWTH MHOXECTBO BCEX 3HAYCHUHN apryMeHTa, KOTO-
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pble 00pamarT JaHHOE HEPAaBEHCTBO B BEPHOE YKCIOBOE He-
PaBEHCTBO.

PaccmoTpuM Ha npumepax

. 1 .
1) Sinx <, T.K. |sinx|<1, To HaHHOE HEPaBEHCTBO MOX-

) 1
HO 3anucarb —1<sinx < E

A _r
UAMI = g
M, 1 M,
P Va 7
: VAM, =-r——=——r
L 6
0 A U 3HaYuT, HEPaBECHCTBY
. 1
sinx < 5 YIOBIETBOPSIOT Ayr'd U3

7 Vid
IIPOMEKYTKA —gz <x<—. Tk
GbyHKIMS sin@ WMeEeT mepuoa 27z, TO PEIICHHE 3TOro Hepa-
7 V4
BEHCTBa OYJET MPOMEKYTOK —gﬂ' +2rk<x< 0 + 27k .
1
2) cosx>——
2
[TepenumemM HEpaBEHCTBO B CUILY TOTO, UTO |cos x| <1

1
——<cosx<l1
2

1
HEPaBEHCTBY COS X > - yIIOBJIE-

X  TBOPSAIOT Iyru H3 HPOMEXKYTKA
2
—Eﬂ' <x< Eﬂ' . OOumM permieHueM ciy-

KHUT MHO>KECTBO ayr BuUIa

—§ﬁ+27rk<x<§ﬂ+27rk.
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. 2 . 2
3) sinx > 5 AQHAJIOTWYHO IS Sin x > - YIIOBJICTBOPSIET

£+27rk<x<é7z+27zk
4 4

4) tgx>+3, T.e. MOXKHO 3ammcath /3 <igx<o, T.K.
(QyHKIMSA fg HEOrpaHMYEHHAS. DTO HEPABEHCTBO BBITIOJHSIETCS

T v
npu —<x<5; nepuoj; GyHKIMU TaHT€HCA PaBeH 7 , 3HAYUT

Z+7zk<x<£+7zk
3 2

0<x<Z /
4
0+7zk<x<%+7zk y

O6mee perieHue:

\

\/

ﬂk<x<%+7rk

YacTo mpu pemeHnr TPUTOHOMETPUUYECKUX HEPABEHCTB
UCIONIL3YIOT HE €IUHUYHYIO OKPYXHOCTh, a caMm rpaduk. Ha
KOTOPOM HAHOCSAT TPaHUIIbI HEPABEHCTBA U OTMEUAIOT MpPOMe-
KYTKH, YOOBIECTBOPAIOILINE YCIOBUIO.

Taxke HepaBeHCTBa yHOOHO pemiaTh AHATUTUYECKH C
MTOMOIIIBIO CIETYIOIMUX GOPMYIT:

sinx >a arcsina+ 2nn < x < m — arcsina + 2nn
sinx <a —m— arcsina+ 2nn < x < arcsina + 2nn

cosx >a — arccosa+ 2nn < x < arccosa + 2nn
cosx <a arccosa+2nn <x < 2m— arccosa+ 2nn
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1
tgx >a arctga+nn<x<§+7m

1
tgx <a —§+nn<x<arctga+7m

ctgx >a mn<x<arcctga+ mn
ctgx <a arcctga+nn<x<m+nn

KonTposibHBIE BOPOCHL:

1. Onumure crnocoObl PEmICHUS TPUTOHOMETPHUYECCKUX
HEPaBEHCTB I'pa)uIECKH.
2. Onumure crnocoObl PEmIeHUST TPUTOHOMETPHUYECCKUX

HEPABEHCTB C TOMOIIBIO (HOPMYIL.

PeleHue CI0XKHBIX TPUTOHOMETPHUYECCKHUX ypaBHEHl/lﬁ

1. YpaBHenus Buna asin’x + bsinx + ¢ = 0 u acos?x +
bcosx +c =0

2. VYpaBuenus Buzja asin’x + bcosx =0 u acos’x +
bsinx =0

3. VYpaBuenus Buja asin’x + bsinxcosx + ccos?x = 0

4. PemeHnue mpu MOMOIIY TPUTOHOMETPUUECKUX (POpMYIL.

PeleHre TPUTOHOMETPUYECKUX YpaBHEHUH BHAa asin®x +
bsinx + ¢ = 0 u acos?x + bcosx + ¢ = 0 cBOAUTCS K 3aMEHE
MEpEMEHHOM Ha Sinx = t unu cosx = t.
Torpa ypaBHEeHUE NpUMET BUJ at’x + btx + ¢ =0, peuieHue
KOTOpPOT'O CBOAMTCSA K PEUICHUIO KBaJpaTHbIX ypaBHeHHi. [lo-
Clie HaxOXICHHS KOpHeH TpeOyeTrcss BEpHYThCS K IMEpBOHA-
YaJbHOMW MOJICTAHOBKE M HAWUTHU KOPHHU MPOCTOTO TPUTOHOMET-
PUYECKOTO YpaBHEHHUSI.
[Tpumep.

2sin*x + sinx —1=0
Pemenue.
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sinx =t
2t +t—-1=0
D =b?—4ac=9

_—-b+vD 1
27 2a T2
1
smx—2

1

x = (—1)karcsinz + mk, keZ

T
x = (—1)"5 + mk, keZ
sinx = —1
T
X = _§+ 2nk, keZ
VpaBHeHus Buaa asin’x + bcosx =0 u acos’x +

bsinx = 0 comepXuT (YHKIMH OJUHAKOBOTO yria, KOTOPOE
MOXXHO IIPUBECTU K KBAJAPATHOMY YPaBHEHUIO, €CIIU 3aMEHUTH

sin x=1-cos’ x.

[Tpumep.

2sin® x+5cosx =4
Pemenue.

Bamennm sin’ x =1—cos? X:

2(1—cos2 )C)+5COS)C=4

2-2cos’x+5cosx—4=0
—2cos® x+5cosx—2=0

2c0s’> x—5c0osx+2=0
[Tycth cosx =t, Torna

202 =5t +2=0 D=25-4.2.2=25-16=9
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5£3 1
5 :T, L=2 t :5 U TOTJla UMEEM JIBa Ipo-

. . 1 .
CTEHIINX ypaBHEHUS smx:E U sinx =2, pemaemM ux, Ipu-

MeHsist GopMyITy pEelICHHUs] ypaBHEHHUs SInX = a

sinx # 2 ypaBHEHUE sinx = 5
!
HC UMCCT PCILICHH, x= (—1)” arcsmE +rn,ne”Z
T.K. |sin x| <1
X =

(—1)”%+7m,n e’/

r
U Torga, otset: x =(-1)" g+7zn, neZ

PaccMoTpuM ypaBHeHMEe BuAa asin®x + bsinxcosx +
ccos’x =0

3aMevaeM, YTO JieBas YacTh YPAaBHEHUS €CTh OJHOPO/I-
HBIA MHOTOYJIEH OTHOCUTENHHO (DYHKIIMHA SinX M COSX, a Ipa-
Bas 4acTh paBHA HYIIIO.

Takue ypaBHEHUS! Ha3bIBAIOTCS OJHOPOJHBIMH TPUTOHO-
METPHYECKUMU ypaBHEHUSIMU. J[JIs1 MX pelIeHUs] Hal0 KasKIbIi
WieH YPaBHEHUS Pa3IeNINTh HA COS X HJIM Sin X B TOW CTEIICHH,

KaKoOBa CTCIICHb YPaBHCHMUS.

ITpumep.
sin? x—10sinx-cosx+21cos’> x =0
Pemrenue.
sinx 10sinx-cosx 2lcos’x
2 2 + ;> —=0
cos” x cos”“ x cos” x

tg*x—101gx+21=0,
peliaeM KBaJipaTHOE ypaBHEHUE OTHOCUTEIHHO (DYHKIIUU £gX .
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Ilycts tgx =t, Torna

2 -10t+21=0
D=100-84=16
1044

Toraa tgx =7 tgx =3
x=arctg?+nnneZ x=arctg3+nnnez

B HEKOTOpBIX ypaBHEHUAX HAJO IIOHU3UTH CTENEHb WU
OT CyMMBI [IEPENTH K IPOU3BEIECHUIO WIIM HA00OPOT, HO BCEr/a
HA/I0 CTapaThCsl MEPedTH K OJHOW (PYHKIUH U OAHOMY apry-
MEHTY.

IIpu pemieHun cUCTEM TPUTOHOMETPUUECKUX YPABHEHUM
HOCJIEIHUE CBOJATCS JIMOO K OTHOMY YPaBHEHMIO C OJTHUM He-
M3BECTHBIM, JTHOO K CHCTEME ypaBHEHUH OTHOCHUTEIHHO CaMHUX
apryMEHTOB WM (YHKLUH 3TUX apryMEHTOB.

OcTanbHble ypaBHEHHs PELIAIOTCS IPU MOMOLIM OCHOBHBIX
TPUTOHOMETPHUYECKUX (HOPMYII.
ITpumep.

2sin’ x+55in(%7z—xj—2 =0
Pemenue.

OYHKIMHU UMEIOT pa3Hble YIJIbl, IPUBEAEM K OJIHOMY YTy, HC-
[0JIb3ys (DOPMYITBI IPUBEICHUS:

. . (3
ZSIH2X—SCOSX—2=O,T.K. s1n(57r—x =—COSX
yauTHIBAS, uTO Sin® x =1—cos” X , MMeeM:
2(1—cos2x)—5cosx—2=0 2cos’ x+5cosx=0

2-2cos’x—5cosx—2=0 cosx(2cosx+5)=0

npousBeeHre paBHo 0, eciu XOTs Obl OJIMH U3 COMHOXKHTETEH
paseH 0, nmeeM

43



cosx=0 2cosx+5=0

ps u 5 — YpaBHCHHC HE
x=5+7zn,neZ cosxi—E

HWMEET PEeIICHUS, T.K. |cos x| <1
/4
OtBeT: x :5+7m,n e’/

ITpumep.

tg3 X =1gx
Pemenue.
1g°x—1gx =0
tgx(tgzx — 1) =0=>
tgx =0

u tg°x—1=0;tg’x=1 wu Torma tgx==I
x=nnne’

x:ﬂki%,keZ

[Tpumep.

3sin’® x—4sinx-cosx+5cos’ x =2

Pemenue.

JlaHHOE ypaBHEHHE TIPUBOJUTCS K OJHOPOIHOMY TPHTOHOMET-
pHYECKOMY YpaBHCHHMIO, TUIS 3TOTO PeCTaBUM

2:2(sin2x+coszx).
Nmeem:
.2 . 2 .2 2
3sin“ x—4sinx-cosx+5cos x:2(s1n X+ cos x)
.2 . 2 . 2 2
3sin“ x—4sinx-cosx+5cos” x—2sin“x—2cos“x=0
sin? x —4sinx-cosx+3cos> x =0
pazzienuM Ha cos? x
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1g°x—4tgx+3=0
tex=t;, t*—4t+3=0
D=16-12=4
4+2

tgx =3
tgx =1

x=arctgd+rnne”s

Hrak, MBI paccMOTpenu ypaBHEHUs, MPUBOJIUMBIE K OJI-
HOMY apryMEeHTy, KBaJpaTHOMY YPaBHEHUIO; JieBas 4acThb KO-
TOPBIX pa3jaraeTcs Ha MHOXKHTEIH, a MpaBas paBHA HYJIIO —
OJIHOPOJIHbIE TPUTOHOMETPUUYECKUE YPABHEHUSI.
[Tpumep.

2cos? (%—xj+3cos(7r—x)—2:0

Pemenne.

Emgé pa3 BcrioMHUM, Kak peliaTs Takue ypaBHeHus. [Ipumenum
(hopMyJIBI IPUBEICHUS

2sin® x—3cosx—2=0

MPUBEJIEM K OJWHAKOBOW (PYHKIIUU sin? x=1-cos’> x u3 3Ha-
YUT

2(1—coszx)—3cosx—2:0 2cos’ x+3cosx =0
2-2cos>x—3cosx—2=0 cosx(2cosx+3)=0
OTCIOZIa

cosx=0 u 2cosx+3=0 x:%+7m,neZ

3
COSX:_E’ KakK BHJUM 3TO YPaBHCHHC HC UMCCT PCHICHUA,

T.K.

V4
>1,a |cosx|§1 MOATOMY OTBET: X =—+7Nn,nE Z .
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MsI paccMOTpenH pelieHrsl pa3InyHbIX YpaBHEHUN U BH-
JIM, YTO B K@KIOM CIIy4ae HaJ0 TBOPUECKU MOJXOJUTh K HAX0XK-
JICHUIO METOJia PEIEHHs, YTO BO3MOXKHO IPHU XOPOIIEM 3HAHWUU
(bopMyI1 TPUTOHOMETPHH, are0pandeckux Mpeoopa3oBaHMUIX.

KonTposibHbIE BOPOCHL:

1. TlepeuncnuTe OCHOBHBIE CIIOCOOBI PELICHUS CIOXKHBIX
TPUTOHOMETPUYECKUX YPaBHEHHH.
2. BcnomuuTe GOpMYIBI IPUBUACHUS.

Mpeaesn pyHKOMH, NOHATHE HENMPEPBIBHOCTH

1. [TonsTHE Npeena.
2. HenpepbIBHOCTH ()yHKIIUH.
3. Touku pa3psisa.

[IycTp X- mepeMeHHas BeJIMYMHA, TO €CTh BEJIMYHUHA,
MEHSIoIasi CBoM 3HaueHus (mepemenHas). [lepeMenHas X cuu-
TaeTCcs 3aJIaHHOM, €CIIM 3aJaHa IToCJIeq0BaTeIbHOCTh € 3Haue-

HUM: {X” }={X1;X2;X3;...}
31ech X|- epBOE 3HAUCHHE TIEPEMEHHOM X
X2-BTOPOE 3HAUCHHE MIEPEMEHHOM X H T.[I.

Moxert OKa3aTbCid, 4YTO INEPEMCHHAA X MCHACT CBOU
3HA4YCHHUA HC XaOTHYCCKH, a LCIICHAIIPABJICHHO, TO €CTh 3HAYC-

HUS X" NEPEMEHHOM X ¢ yBeIMUYeHHEM ero Homepa ! Heorpa-
HUYEHHO MpUOImKaercs K Hekotopomy uuciy 4. Takoe yucio
@ ecay OHO CYLIECTBYET, Ha3bIBA€TCs IPEJEIOM NEPEMEHHOM
X. 3anuCBIBAaETCSA ITO TaK:

x— @ (yuTaercs - X cTpeMuTcsa K 4)
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limx, =a .
WIH: ¥~ , rie x” - " -oe 3HaYEHHUE NEpEeMEeHHON
BEJIUYMHEI X 7 - HOMCP 3TOI'O 3HAYCHUA.

Ecnu nmepemeHHast X HEOTpaHUYEHHO BO3PACTAET, TO CUH-
TaT, 4T0 ¥ > T A ecnu X HEOrpaHUYCHHO yObIBaeT (BO3-
pacrast 110 abCOJIIOTHOM BETUYUHE), TO ¥ —> ~°

Ecnu mepemenHas X B poIiecce CBOET0 M3MEHEHUS HU K
YeMy KOHKPETHO HE CTPEMHUTCS, TO TOBOPAT, YTO y HEE HeET
npenena. [lepemennas x, umeromas npegenom 0, Ha3bIBaeTCs
OECKOHEYHO MaJIoH, a MepeMeHHas X, HEOrPaHUYCHHO BO3pac-
Taromas 1mo aOCOIIOTHOM BEIWYHMHE, HA3BIBAETCSI OESCKOHEUHO
OOJIBLIIION.

PaccMoTpuM HECKOJBKO MPUMEPOB OMpEEICHUs TIpejie-
Jla TIEPEMEHHON X IIPU PA3JIUYHBIX I1OCIENOBATEIBHOCTAX €€
3HA4YCHUH.

HYCTB- NEpEMEHHAasA BCJIMYMHA, a IMOCJICIO0BATCIIBHOCTD

e€ 3mawenuwit {x” }={1,9;1,99;1,999;1,9999;...}. OueBunHo,
4yTO X—2 (Z1Ba - Ipeel MepeMEHHOM X)

NN

- b 9 9o
{xn}={n}={1;2 3 4} OueBumuo, uro x—0, TO
€CTh X-0€CKOHEUHO MaJias BEJIMUMHA.

{x7}={12;2%32%;...}. O4eBHUAHO, YTO X—+00, TO €CTh X-
OCCKOHEYHO OOJIbINIast BEIMYMHA.

{xn}={1;-1;1;-1;...}. O4eBUIHO, YTO X TIPE/ICIIa HE UMEET.

[Ipenen nepemenHoit X 00bIYHO HeoueBHaeH. U ero Tpe-
OyeTcs HaiiTH (OCHOBHAS 3a7a4a).
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[Tpumep.

-3 1.5

xry={ n }={1;2 4

Pemenue.

limx, =lim2"=> —fim(22 3y ~tim2 -3y =2-0=2
n—>»0 n—>»0 n n—>»0 ,/l n n—>»0 n .
Hrak x—2.

[Tycte y=f(Xx)- HekoTopass (QyHKUIHS M Xo- HEKOTOpas
BHYTPEHHSISI WJIM TPaHUYHAsI TOYKA 00IacTH €€ OnpeeNieHusI.

Hanpumep, ecnu oTpe3ok [a,b] WM HHTEpBal (a:b).
obnacTh onpeaeneHus GyHKIUN

y=f(x), TO a=x, b wm xo=4 wm x=D. [TycTh

X—X0, IPUHUMACT 3HAUCHUS HGKOTOpOﬁ MMoCICA0BATCIbHOCTHU

3Ha4eHUH {X" }={X1;X2;X3;...}.pH 3ToM ¢yHKuusa y=f(x) Oy-
JeT TpPUHUMATh 3HAYCHHS II0CIEI0BAaTEILHOCTH 3HAYCHUH
{yn}={{(xn) }={f(x1);f(x2);f(x3);. ..} .Eciu npu stom y—yo, TO
Yo HasbIBaeTcs mnpezaenoM GyHKIuu y=f(x) mpu x—Xo, 1 000-

lim f(x) =y,
3Ha4yaeTCs ATO Tak: * % .

DyHKIMS Ha3bIBAETCSI OECKOHEUHO OOJBIITON BETUIUHOM,
ecny mpenen QyHKuM npu Xx— ¢ WM X—oo paBeH oo, TOrnaa
GbyHKIHS TMeeT OECKOHEUHBIN TTpeIed.

.ox—1 x—1

lim

Hpumep 7' X+1l=0, 1o dynxims y=X+1 sgpnsercs
OECKOHEYHO OOJIBIION mpu X—-1
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Pemrenue

x-1 -2 1

lim
x—>-1 x+1: O

OyHKIUS a(x) Ha3bIBaeTCsl OECKOHEYHO Majgod (YHKIIHEH,
ecny ipu Xx— ¢4 (wm Xx—o0) npenen GyHkun paseH 0.

liml y:l

Hanpumep: *** X =0, 10 pyHKIHSA X sBusieTcs OECKOHEY-
HO MaJIOU IIPU X—>=+00.

(Y TSN Y =19X poy x50 Takoke SBISIOTCS GECKOHEUHO Ma-
JIBIMH).

CymiecTByeT TeopeMa O CBSI3HM OECKOHEUHO OOJBIIMX M OECKO-
HEYHO MaJIbIX BEJTMYMH.

1) ecmu (ynkmus f(x)- OeckoHeuHO OoJbIllas BEIUYHMHA,

= a(x)
TO () - OECKOHEUYHO MaJjias BEJIUYUHA.

2) ecnu QpyHKIUSA (%) _ Geckoneuno manas BEJIMYMHA, TO

L _ )

a(x) - beckoHeyHo_Oospias BenmrmunHa. CuMBosika 1)

1
+ o0

lim cos x
3ameuaHue: He BCsKass QYHKIUS UMEET TpelIen: >+ - He

cymectsyer, T. K. pynakimsa ¥~ °°5¥ p3mensercs B npenenax

[-1;1].( HE CTpeMHUTCS K KAKOMY-TO YUCIY).
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TeopeMbl 0 Ipeaenax

1.0 enuHcTBeHHOCTH Tpezena: ecnu GpyHkuus f(x) umeer mnpe-
nen mpu Xx— 4, TO 3TOT HpeieT eTNHCTBEHHBIMH.

2.Ecmu cymectByer mpenen (ynkmuun y=f(x) nmpu x—4:

lim f(x)=> _

S ) , TO (QYHKIHS f@)=b+a(x) e @(X) gecko-

HEYHO MaJias BeInunHa. pu X— ¢ 1 Ha000POT.

3.Paccmorpum ¢ynkuu: u=u(x) u v=v(x). [Ipu s3TomM u3BecT-
limu(x)=>6 limv(x)=c

HO, qT0 X—>a u X—>a

lim(u(x) £ v(x)) = limu(x) £ limv(x)

(T.€. CYIIECTBYIOT), TOTJa

A liin(u (x)-v(x))= liin u(x)- liin v(x)

B wgactHocTH: ecnmu v(x)=const=A, Torma limAu(x)=Alimu(x)
T.€. IIOCTOSIHHYIO BEJIMYMHY MOKHO BEIHOCHUTH 32 3HAK IpeJIena.

limu(x)
im0 _
way(x)  limv(x) limv(x) =0
5. x—a , €CIIN x—d

Baxxubie mpakTuueckue Gopmysibl:

lim f(x) = f(x,)
1. =% 3TO 3HAYMT: BCIOAY, Tle (QYHKIHS orpe-
neneHa npeaen (yHKIMM MOXKHO BBIYMCIUTH MPOCTOM MOJICTa-
HOBKOHM BMECTO X X=a.

. 2xP 43 2-17+43
Iim = -
Hpumep: > x+1 I+1

>
2

50



lima(x)
, lim £ =1lim f(x)

lim(x—1)* = lim(x—1) ™ =2°=2°.2% =512
IIpumep: 3 X3 -
YUCJIO0.

Ecnu mpu BeIUMCIIEHHN TIpefena MMeeT MECTO HeolpeaenéH-

0 o ‘.

(—;— ;00 —00;€.d0.)
mocty 0 @ , To e€ TpeOyercss pacKphITh, T.C.
npeoOpa3oBath (PYHKIHIO, CTOSIIYIO TOJ 3HAKOM TIpejielia Ta-

KUM 00pa3oM, 4TOOBI HEONPEACIEHHOCTh NCUE3TIa.

o0

ITpaBuno 1. YToObl pacKpbITh HeomnpenenéHHOCTh Buaa
clleAyeT W YWUCIMTENb W 3HAaMEHaTellb JApoOM pa3ieiuThb
IIOYJIEHHO Ha X B BBICILIEH CTETIEHH.

13
e )x+5 00 x%oo2+7 2+0 2
IIpumep: X

0

[pasuto 2. YTo6bl packpsITh HeompenenéHHocTs Buga O,
HYXHO YUCIIUTCIIb U 3HAMCHATCIIb ,Z[pO6I/I Pa310XuTh HAa MHO-
YKUTEITH U CKOOKY (X-a) COKpaTUTb.

2
. x"=5x+6 0
lim————=(2)="?
Hpumep: 2 X —2x 0
PasnokeHre KBajpaTHOro TPEXWIEHA HA  MHOXHTEHU-
ox2+bx+c=a(x-X1)(X-X2)
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a) x2-5x+6=0 X*+px+q=0
ITepBslii ciocob x1=2 X1TX2=-p
X2=3 X1X2=q
x2-5x+6=(x-2)(x-3)

0) x2-2x-x(x-2) Torna MeeM:
m(x—2)(x—3):1imx—3:2—3 1
=2 x(x—2) =2y 2 2

BTopoii criocod pasieuTh YroiIKoM Ha (X-a) X°-5x+6 L x-2=x-3

W3 anreOpbr u3BecTHO (s BTOporo crocoba). Ecmu Pn(a)=0
— X=a- KOpeHb MHOrouwieHa. Eciu u3BecTeH XOTsA OBl OJMH
KOPEHb MHOTOWICHA, TO MHOTOWICH JCIUTCSA Oe3 ocTaTka Ha
BBIpaXXEHHE (X-a).

0
[pasmino 3.Uto6bl packpbiTh Heompenenéunocts suma O mpu
BBIYHCIICHUH TIpeJieia UPPAIMOHATBHON (DYHKIMH (KOPHH €CTh),

HY)KHO YHMCJIMTEIb U 3HaMeHaTelb IpoOU YMHOXKHUTH Ha COMpsi-
*KEHHBIE BhIpakeHus. M 3aTeM BOCIonb30BaThes (OpMYIION:

a’-s°=(a-B)(a+B).

ITpumep:
limL_( ) 2 =1im (ﬁ 2)(\/7+2) lim x—1-4
=5 x-—5 x%Sl (_)5—5)(\/f 1+2) 5 (x— 5)(ﬁ +2)

1 1

. x=5 .
lim =lim =—
S (x=5)Wx—142) Syx-1+2 4
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o0

HeomnpenenénHocTh Bua (00-00) HY’)KHO CBECTH K BUAY © WM
0

0

Brrancinerno MHOTHX mpeacaIoB MOMOracT MCII0JIb30Ba-
HHUC JIBYX TaK Ha3bIBACMbIX 3aMCYATCIILHLIX MTPCACIIOB.

sinx

. b x
lim 1 lim = - =1
1) ™ x w7 Smx (packpbIBaeTcs

0

HEONPEea-CTh BHIA 0 )
1

lim(1+x)* =e
x>0 rue e<2,72

lim(1+ l)x =e

w7 x (packpeIBaeTcs HEONPEAEIEHHOCTD
Bruaa 1%)

[Tpumep 1:
lim—" =) zoctim—r Ly 3 1]
=0sin3x 0 03.s5in3x 3 +0sin3x 3 3

[Tpumep 2:

2 6
n n

lim(1+%)3n =1" =2 = lim( (1+%)E )" =lim (1+2)5 _
n n N—>0] n

n—>0 X0

[Ipu BbIUKCIEHUH TPENEIOB, B YACTHOCTH MPHU PACKPHI-
0

TUHA HEOTNPEIEIEHHOCTH BHIA 0 , TPUMEHseTCS Ta0JIUIa YKBH-
BaJIEHTHOCTH.
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Omnpenenenue. J[Be 6€CKOHEYHO Majbie BETUYMHBI HA3bI-
BAaIOTCS HKBUBAJICHTHBIMHM, €CIM TpU X—a (WIK X—00)

=1

sinx _x a*—l=xhna
gx =~ x e —1~x
sin mx ~ mx e™ —1~mx
arctgx ~ x Inl-x)=x
argsinx =~ x In(1+ mx) = mx

OyHKIMS Ha3bIBA€TCS HENMPEPBIBHOW, ecnu e€ Tpadux
MOKHO M300pa3uTh, HE OTPHIBAS PYKH OT YEPTEkKA.

Ay

/
/

®ynkiwmsa y = f(x)-HEIPEPHIBHA BCIOIY.

[Tycts Qynkuus f(x) ompeneneHa B TOUKE Xo M B HEKOTOPOM

e¢ okpecTHOCTH. Ecnu mpu X—Xo CymiecTByeT npenen (GpyHK-
LMY ¥ OH PaBEH 3HAYEHUIO (PYHKIMH B T. Xo, TO TOUKA X HA3bI-
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BaeTCs HEMPEphIBHOCTH (PyHKIUU f(x).a QyHKIMS Ha3bIBaeT-

Csl HEIIPEPBIBHOU B TOYKE X0.

lim = /(x,)

BBeném mnoHsATHE «IIpUpalllEeHUe apryMEHTa» U «IIpHUpalicHue
byHKIAN.

3adukcupyem T. Xo. OyHKIHS OmpesesieHa B TOUKE Xo, 3HAUUT
cymiecTByeT y(xo)=f(Xo).

Bo3bMEM T. XE€ OKPECTHOCTH T.X0, TOTAA X-Xo=AX- IIpUpalle-
HUE apryMeHTa, AX- 6eCKOHEeYHO MaJiasi BeIMYMHA.

Torma  f(x)=f(x,+Ax),  f(x,+Ax) - f(x,)=Ay-
npupanieHue GyHKIHH.

Ay
f(xO+Ax)
f(x
Ax Ax
=x +
0 XO X XO Ax X
Ecm A0 , TO pyHKIUSA - SIBJIAETCS HENPEPLIBHA B

TOYKe Xo. UmTaeTcs Tak: ecau O/M IPHUPAIICHUIO apryMEHTa
COOTBETCTBYET O/M mpupaiieHue QpyHKIHH, TO Takas (yHKIUSA
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HeMpepbiBHA B 3TOM Touke. OYEBUIHO, YTO ONpENEICHUE 2 U
onpezaeneHue 1 paBHOCUIIbHBI.

Breném nonsTue npenen cupasa v mpejen clieBa.

lim f(x)= f(x, +0)

[TycTh X—Xo, ¥ IIPU ITOM X>Xo Toraa * o+
IIpele cipaBa

lim £(x)= f(x,—0)

IlycTh X—Xo0, ¥ IPU 3TOM X<Xo TOrga * %~ -
IIpeIeTI ClIcBa.

Ecnu cymectByeT mpenen (yHKUIMU cleBa W CIpaBa U OHH
paBHBI, U PaBHBI 3HAYEHHUIO (QYHKIUU B 3TON TOYKE, TO (YHK-
LI1s1 HENPEPBIBHA B TOUKE X0.

J(x +0)=f(x, —0) = f(x) _ HEoOXOIMMOe U JI0CTa-

TOYHOE YCJIIOBHE HEMPEPHIBHOCTU (DYHKIIUU B TOUKE.

OYHKIIMS Ha3bIBACTCS HEMPEPHIBHONM Ha TPOMEXYTKEe (a;B),
€CIIM OHA HEIPEepPhIBHA B KAXKIOW TOYKE MPOMEKYTKA.

Kitaccudukanus Touyek paspbiBa.

1). Ecin yHKIMS He ompeneneHa B TOYKE Xo, HO CYILECTBYET
mpefen  ciueBa M NpeAen  cOopaBa, M OHM  PaBHBI

S (xy +0) = f(x,~0)

-TO TOYKaA Xo-TOYKa YCTPAHHUMOI'O pa3phbiBa.

2). Ecnu dyHKIMS HE ompeneneHa TOYKe B Xo, HO CYIIECTBYET
mpenea cieBa W MpefeN CchpaBa, HO OHU HE pPaBHBI

/ (xo +0)= f (xo -0) -TO TOYKA Xo-TOYKa pas3pbiBa | poma

(CKa40K).

3). Ecnu ¢yHkIus He onpezesieHa TOUke B Xo, HO OJTHOCTOPOH-
HUE Mpenesbl CYIIECTBYIOT M OJUH W3 HUX paBeH oo (WU
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00a),To X0 Ha3bIBAaeTCs TOYKOW pa3pbiBa 2 pona (ecnu 06a pas-
HBI 00) TO TOYKA X0- TOYKa OECKOHEYHOTO Pa3phIBa.

KoHTpos1bHBIE BOIPOCHI:

1. [onsarue npenena ¢pyukuuu. [lpuBeanre npumepsl.
2. Kakas ¢yHKIMS cUMTaeTCs HEMPEPHIBHOW Ha Bcel 00-
JIACTH OIIPEJIEIICHHUS.

IToHATHE NPOU3BOJHOM

1. [Ipupamenue aprymenTa, npupamieHue GyHKIHUH.
2. [ToHsiTHE TPOU3BOTHOM.
[Tycts 3amana ¢pyHKIUS y = f (x) IIpu x = X0 oOHa

npUHUMaeT 3HaueHue y, = f (X, ).

4 Xo - Ha ocm OX B
. / Touke A, yo — Ha ocu OY B
E touke N. [lagum x mpupa-
/ menne Ax = AB, nonyuum

i

HOBOE IIpHUpAIlEHHOE 3Ha-
YeHHE aprymMeHTa (B TOYKE
B) x =x0 + Ax

Beruucnum  npupa-
IIEHHOE 3HaueHue (QyHK-

unn y = f(x, +Ax) Ha ocn

¥

OV — Touka M, T.e. JauHA
otpe3ka BE.

EctectBenHo, uto orpe3ok DE u Oyxper sBIsAThCS npu-
paweHuem yHKYuU 8 mouke Xxg, eciu npupaujenue apeymMeHma
pasHo Ax.

T.e. Af(x0) = f(x0 +Ax)— f(xo)
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Urak, npupaimieHue (QyHKIUHU €CThb Pa3HOCTb MEXIY
MPHUPAIICHHBIM 3HaUYeHUEM (YHKIIUU U TIEPBOHAYAIBLHBIM (OT-
pe3ok DE).

OOparure BHUMaHUE, YTO Ul Bo3pacTaromiell (yHKINN
DE > 0, a qnst yowsBatomeri pynkiun AC O6ynet 6ombiie DE,
nostomy pazHocts DE — AC <0 u Af(xo) <0.

CaemaiiTe camMOCTOSITEILHO CXEMaTHYECKUH YepTEK
yObIBaroeit pyHkuuu u ykaxxkute Af(Xo).

Boraucnum npupaniesne ynknun f(x) = x> + 2x +5
mpuxo=2uAx=0,1 xo+Ax=2,1

Io popmyne Af(xo) = f(xy+Ax)- f(x,) = f(2.1)-
f(2) =2,12+2%2,1 +5— (2> +2%2+5) = 0,61

[ToctaBuMm 3amady OTHICKATh MpHpalieHne QyHKIUU He
B KOHKPETHOM TOYKE X0, & B IIPOU3BOJIBHOM X, T.€. BBIBEAECM
dhopmyny mpuparieHus: B 001eM BHIE:

Af(x) = f(x+Ax)- f(x) =X+ Ax)? +2(x + Ax) + 5 -
x? - 2x -5 = x%+2x AX + (AX)?> +2x Ax +5 - x% - 2x -5 = 2x Ax
+ (AX)? 42 Ax = 2x AX + 2 Ax + (Ax)? = 2(x + 1)Ax + (Ax)? —
3TO U eCTh mpupanieHne GyHKuu B oomeM Buae: Af(x) = 2(x
+ 1)Ax + (Ax)*. Ioxacrasum x = 2, Ax = 0,1 nomydnm Af(x) =
0,61 — Bce BepHO.

Mycrs Y = /(). HeKoTopass QyHKIUs, OonpeneiaéHHast
Ha HEKOTOpPOM MHOecTBe Touek ocu OX (T.e. HempepbIBHAs).
3aduKkcupyeM HEKOTOpPOE 3HAUYCHHE apryMeHTa Xo. EMy coOT-

BETCTBYET J (%) = y(x)) . JlobaBuM Temepp K Xo HEKOTOPOE
npupanieue Ax (+ Ui -), T.e. nepeiaem ot Xo kK x=xo+Ax. To-
rma COOTBETCTBYIOIIIEE 3HAUECHUE byHKIIN Ooyner

S(x)=f(x,+ Ax) [Mpupamienrie ¢yHkuun Ay paBHO: Ay=
FO0+ &) _f(x)
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Ay
PaccMoTpuM oTHOmIEHHE AX

[Ipenen srtoro orHomeHus npu AXx—0 W Ha3bIBAETCS MPOU3-

BOIHOM (GyHKIHH ¥ (%) 5 1ouke xg. 70 Ax

I[Nporiecc HaxoXAEeHUA NMPOW3BOIAHONW HaszbIBaeTcs audde-
peHnupoBaHue (YHKIWH, a pa3[en MaTeMaTHKH, W3YYaroluit
MPOU3BOJIHYIO. Ha3bIBaeTCs AU (EpeHITNATEHOE HCUNCIIEHHE.

OyHK1MA Ha3biBaeTcs AudepeHnmpyemMo B TOUKE Xo,
€CJIM B ATOU TOUYKE CYIIECTBYET MPOU3BOIHAS (DYyHKITHSI.

OyHKIMA Ha3bBaeTcs auddepeHmpyeMol Ha TpoMe-
KYTKE, €CITU B KOKIOW TOYKE ITOTO MPOMEKYTKA CYIIECTBYIOT
MIPOU3BO/IHEIC.

Teopema: Ecin dynkuun V' = f(x) middepeHnrpyema B

TOYKE X0,TO OHA B 3TOW TOYKE HEMpPEPhIBHA.
. A
lim =~ = V'
To ecTs: eciu cymectByer 0 Ax , TO CyILECTBYET
limAy =0

U npegen A0 .
OOpatHOe yTBEPKIEHUE HEBEPHO.

T'eoMmeTpuuecKnii CMBICJ IIPOU3BOIHOMN.

IIpousBoaHas GVHKIMY, BEIYUCICHHA B T. X0 YHUCIECHHO
paBHA YIJIOBOMY K03 DUIIMEHTY KacaTeIbHON, IPOBEAEHHON K
rpaduky GYHKIIMHA B T. Xo.

MexaHHuuecKU CMBICI OPOU3BOTHOM.

(PU3NYECKUIT)-CKOPOCTh  M3MEHEHUS  KaKOro-HUOYb
nporecca.
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Iycts dynkmus =/(x) MPEACTABISIET COOOM 3aKOH
JBIKEHUsSI HEKOTOPOM MATEepUaIbHOM TOYKHM II0 HEKOTOPOH
Tpaekropuu (y- MyTh, T. €. PAcCCTOSIHME OT HAYAJIBbHOM TOYKH
TPAcKTOPHUH, X-BPEMSI)

/\

Ay- IyTh, IPOIiIeHHbII TouKoii 32 BpeMs Ax. Torga A0
=Vcp-CPEIHSASA CKOPOCTH 38 MPOMEKYTOK BPEMEHU

AS

b Ay
y = lim = = lim V., =Vv(0)
Ax.  CuenoBartelbHo, A0 Ax A0 -

MI'HOBCHHAs CKOpPpOCTb B MOMCHT BPpCMCHU X.

HaxoxieHre npon3BOAHBIX () YVHKITHIA.

HaxoxxieHne npou3BOJHBIX OCHOBBIBAETCS Ha OMpeje-
JIEHUU TIPOU3BOIHON (PYHKITUN
A . x+Ax)— f(x
Ve SO A - ()
Ax

y'=lim— =
Ax—0 Ax Ax—0

Haitném nns nmpumepa mpou3BOJHBIE HEKOTOPBIX IIPO-
CTBIX (DYHKIIMH:

1). y=c (c- KOHCTaHTa)
Ay=0 3Ha4uT %203 ¢'=0 (c)=0

_ , o Ay A
2). y=X, Ay=(x+Ax)-x=Ax, y' = Al)%LnO Ar —AI;LnO ™ =1
(x)=1

3). y=x2, f(x)=x>, f(x+AX)=(x+Ax)*=x’+2x-Ax+(Ax)?,
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Ay= x*+2x- AX+H(AX)2-x?=2x-Ax+(AX)?,

6 = im 2
A—0 Ax —
lim AXCXHAY) x4 Ax) = 2040 = 2x
Ax—0 Ax Ax—0
(x3)'=2x.

TakuM 00pa3oM, MOKHO IMOJIYYUTh IPOU3BOIHBIE U JPY-
T'HX 3JIEMEHTapHBIX (GYHKINH.

Ta6n1/1ua IIPONU3BOAHBIX OCHOBHBIX  3JIEMCHTAPHBIX

byHKIHH.

l.c= 13. tqx)'=
c'=0 . (lnx)’zl 3 1 (arctgx)
X
1-x?
2.x'=1 8. (logax)'= 1 14.1 (arccosx)'=-
xlga
1-x?
. (x%)=2 . (sinx)'=
3. (x)=2x 9. (sinx)'=cosx 15 (arctqx)= :
I+x
4. (x)'=nx"! 10. (cosx)'=-sinx 16. (arcctqx)'=-
1
1+x°
5. (a%)"Ina 1 1
11. (tqx)'= 17. (Vx)' =
(tgx) P (Vx) N
6. (e¥)'=¢e" 1 1 1
| 18.(D)=——
12. (ctgx)'=-S11 x X X

JUis HaXOXACHUS MPOU3BOJIHBIX OCTATBHBIX (DYHKIIHIA
WCTIONB3YIOTCA mpaBmia auddepermupoBanus. [lepeunciaum
OCHOBHBbBIC U3 HUX 663 BbIBOJA:
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[TycTh u=u(x) 1 v=v(x)- HEKOTOphIe TU(hepeHITUPYEeMbIS
¢bynkuuu, c-nocrosHHas. Toraa:

1. (utv)=u'+
2. (u-v)'=u'-v’
3. (uv)=u'v+tuy'
4. (cu)=cu'

u, uv-u'
2

5.(V v
B 4 HoMepe nmoCcTOsIHHYO BEBIHOCUM 3a 3HAK MPOU3BOTHOM.

IIpasuno muddepeHIUpPoOBaHUs CIOKHBIX () YVHKIINANI.

Paccmorpum croxnyro  dyaknuio:  y=F[u(x)], rme F-
BHeIHsAsA (QyHKIMS, u(X)- mpomexyrouHas ¢yHkius Torma:
yx=F'(u)-u'(x)

[MpowsBoHas cI0KHOW (YHKIIMU paBHA MPOU3BEICHUIO
IPOU3BOJHBIX QYHKINH, €€ COCTAaBISIONIUX.

Hampumep: y=sin2x, F(u)=sinu, u(x)=2x =
y'=c0s2x-2=2¢c0s2X,

PaccMOTprM HECKONBKO MPUMEPOB HAXOXKICHUS MPOH3-
BOJIHBIX (DYHKLIUH.

1. y=2x2-4x+5, y'=(2x%-4x+5)'==(2x%)"-
(4x)+H(5)'=2-3x*-4-1+0=6x7-4.
2. Fx2-ex,
y'=(X2'ex)'zz(Xz)"eX+X2'(ex)'=2XGX+X26X=XGX(2+X),
|
—_— u
3. y=Insinx,  y'=(Insinx)=[(Inu)=% ]=
. ., cosx
— - (sinx)’' = ——ctgx
sin x sin x
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Iycts ¥ = f). HekoTtopas ¢yHkuus. Tormaa:

ITpumenenue muddepeHnmana K OpuOINKEHHBIM  BbI-
YHUCIECHUIM

Bepuémcs byHKIIH (ADAy =y - Ax+a(x) - Ax_
dy+a(x)Ax = Ay = dy

T_e_f(xO +Ax)_f(x0) zJ(‘,(')CO)'A)C

S+ A0 = fx)+ f100)-AY o 00 e
yeHne (YHKIIUU B TOYKE X0, MOKHO HAWTH CIeayrollee 3Haue-
HUe QyHKINH.

V27+1 5327, Ax=x-x0=28-27=1, f(xo)= V27 =3

[TpaBuio Jlonurans. (GppaHIly3cKUil MATEMATHK).

[Ipenen oTHOImIEHUS ABYX OCCKOHEYHO MasbIX WIW Oec-

KOHEYHO OoNpIMX (YHKIMHA paBeH MpeAeay OTHOIICHUS HX
IIPOU3BOHBIX:

lim (ﬁz?gzq)zhm—f’(x)
wag(x) o 0 e g'(x)
po =l 1= 0 (-1
[Tpumep: 1) -0 gin 2x 0 0 0 (sin2x)
. e’ 1 1 1
lim = = ——
x-02c0s2x 2cosO0 2-1 2
2 2N/
im =P oo lim ) 2P,
2) x>t @” o0 X+ (e ) x40 @ 0
. (2x)
lim ( x)’ — imizizzzz.ozo
X—>+0 (e ) X—>+00 ex e°° 00

(mpaBwiio  JlomuTans
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MPUMEHWIIU JBAX/IbI) €T0 MOXHO MPUMEHSATH JI0 T€X MOop, IoKa
Mpeel He BBIYUCIUTCS).

KoHTpos1bHBIE BOIPOCHI:

1. IloHATHe NpOM3BOJHOM.
2. HazoBute reomeTpudeckuil ¥ PU3MUECKUI CMBICT MPO-
U3BOIHOM.

UcciegoBaHue GyHKIUI C MOMOIIbIO MPOU3BOHOIA.

1. WuTepBainsl Bo3pacTaHus ¥ YObIBaHUS ()YHKITHIA.
2. Touku 3KcTpeMyMa (QPYHKIINU.
3. BBIIYKJI0CTh, BOTHYTOCTh U TOYKH Tiepernda rpaduka
GbyHKIHN.
4. TlomHas cxema uccieoBaHus (PyHKITUH.
Oyukuust y = f(x),3aaHHAas HA HEKOTOPOM HHTEpBAJIe
(a;B) uncnoBort ocu OX, Ha3BIBACTCSI BO3PACTAIOIICH HA ATOM
MHTEpBAaJje, €C/IM Ha HEM C POCTOM X pacTeT U y. Ecnu ke Ha
nHTepBaje (a;B) GyHKIUS y YOBIBa€T C POCTOM X, TO OHA
Ha3bIBAETCS YOBIBAIOIIEH HA 3TOM MHTEpBAJe.
Oyuknua y = f(x) Ha3bIBa€TCs MOHOTOHHOW HAa MHTEP-

Basie (a;B),eClii OHA Ha TOM HHTEpBaJie BO3pacTaeT Wi yObI-
Baet. lHTepBan (a;B)- MHTEpBaJl MOHOTOHHOCTH.

VY4uThIBas TEOMETPUUYECKUIN CMBICT NMPOU3BOAHON (PyHK-
Uy Uil Bo3pacraromied  (GYHKUMHM — BUAMM,  UTO

y' = f(x)=tga = 0 (T.X. a - ocTpeIii yrom). s yosiBaromeit
byHKIMH: Y =f1'(x)=tqa <0 (T.K. a- TyToi
yrox).O4eBUIHO U 00paTHOE: €CcIu s JIF0O0ro X € (a;B) UMe-
em y' = f'(x) = 0,70 GyHkuus y = f(X)BO3pacTaeT Ha UHTEP-
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Bane (a;8).A ecmum umeeM ) = f'(x)<0 TO QyHKUUSA
y = f(x) yObIBaeT Ha MHTEpBaJIEC (a;B).

Touxu skcmpemyma QhyHKyuu

A Tenepb paccMoTpuM GYHKIUS y = f(X) y KOTOpOW
€CThb U WHTEpPBaJbl BO3pAaCTaHMsI W WHTEpPBajbl yObIBaHUS, a
CJIEIOBATEILHO €CTh ¥ BEPIIUHBI U BIIAJHHBI Ha €€ rpaduke.

Touku skcTpeMyMa pas3fesnsitoT UHTEpBaJIbl BO3pACTaHUS
1 yObIBaHUS. A UMEHHO, TOUKH MaKCUMyMa (DYHKIIHH SBIISIOT-
Csl TOUKaMH Nepexofa OT Bo3pacTaHus (YHKIMU K YOBIBaHHUIO,
T.€. 3HaK [IPOU3BOIHOM MPH Mepexo/ie uepe3 TOUKy MaKCuMyma
Mensiercst ¢ (+) Ha (-). Touku MUHUMYyMa SBIISIIOTCS TOYKaMHU
nepexojia OT yObiBaHUSI (DYHKIIMM K BO3PACTAHHIO, T.€. MPOM3-
BOJHAsI MeHseT 3HaK GyHKIH c(-) Ha (+).B camux xe Toukax
AKCTpeMyMa MPOU3BOAHAS (DYHKIIMU MO0 paBHA HYJIO, JTHOO
HE CyIIecTBYeT. ( HEOOXOIMMOE YCIIOBHE CYIIECTBOBAaHHE IKC-
TpemyMa). Touke IKCTpeMyMa COOTBETCTBYET IJIaJIKasi BEPILHU-
Ha WIM BIAJMHA C TOPU3OHTAIBHOM KacarelbHOW. Touku ocu
OX, B KOTOPBIX Mpou3BOaHAs PYHKIIMK paBHA () WM HE CyIIle-
CTBYeT (HEOOXOAMMOE YCIOBHE IKCTPEMYMA), SIBIISIOTCS JIHIIb
MOJI03PUTENLHBIMH Ha IKCTpeMyM. Te U3 HHUX, B KOTOPBIX IIPO-
W3BOJIHAsI MEHSET 3HaK, SIBIISIOTCS TOYKAMH SKCTpeMyMa (J10-
CTaTOYHOE YCJOBHE CYIIECTBOBAaHUS HKCTpeMyMa (YHKIUH).
[Ipu sTom ecnu ¢ (+) Ha (-), TO KpuTHUecKas Touka | poxga (mo-
J03pUTEIbHASI HA SKCTPEMYM) SIBIISIETCS TOYKOM MakCUMyMa; a
ecimu ¢ (-) Ha (+), To- Toukol mMuHUMyMma. Ecnu ke ciieBa u
CIpaBa OT MOJ03PEBAEMON TOUKU MPOU3BOIHASA (PYHKIIMU HMe-
€T OJIMH U TOT € 3HaK, TO 3Ta TOUYKA HE SIBISETCA TOYKOU IKC-
TpemMyMa.

N3 Bcero ckazaHHOrO BBITEKAET CIIENYIOLIAs CXEMa HC-
cienoBanus GyHKIMU ) = f(x)_Ha UHTEpPBaJIbI MOHOTOHHOCTH

U TOYKHU DKCTPEMYMA:
Haxonuwm o6nacts onpezenenust GyHKITUH.
Haxomum. y' = f'(x).
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Haxonum To4YkH, MOA03pUTEIBHBIE HA SKCTPEMYM;

a). Y =0= f'(x) = 0= {x;;x,;....}

0). y'—He.cywecmeyem = {xl;xz;....}.

4. HanocuM Bce HalJICHHBIE INOAO3PUTEIBHBIE HA JKC-
TPEMYM TOUYKH Ha 00JIacTh ompesesieHus (PyHKUIHUU, OTMEYaeM
UHTEpBAJIBl MEXAY 3THUMU TOUKaMU. B KaxaoM HHTepBaie
YCTaHABIIMBAE€M 3HAaK MPOU3BOJHOI C MOMOIIbIO MPOOHBIX TO-
yek. [1o HaliIeHHbIM 3HaKaM IIPOU3BOJHOM YCTaHABIMBAECM UH-
TepBaJIbl BO3pACTaHUS-yYOBbIBAHUS U HaXOJUM TOYKHU SKCTPEMY-
Ma QyHKITUH.

5. B HailgeHHBIX TOYKaX MaKCMMyMa W MHUHHMYyMa
(GYHKIMH HaXOAMM MakcuMmaibHOE (). ) U MHUHHUMaJIbHOE (

Vumin ) 3HAUEHUE DYHKLIUU.
6. CtpouM rpaduk GyHKIIHH.
Buvinyknocms, 6oenymocms u mouxu nepecuda epaguxa

dynkyuu.
[ToHsITHE BBITYKJIOCTH, BOTHYTOCTH M TOYEK meperuda rpaduka

byakuu y = f(Xx) magam, UCXos U3 CICIYIOIIETO PUCYHKA!

Ha pucynke uzoOpaxén rpadpux dyHxmum y = f(x),
BBIIYKJION_Ha MHTEpBaJie (a;C) U BOTHYTOW Ha MHTEpBaje (C;B).
Touka C, paszzmensromiasi MHTEPBaJIbl BBITYKJIOCTH M BOTHYTO-
ctu , ecTb alciucca Touku mneperuba. I'paduk ¢yHkumun
y = f(x) Ha3bpIBaeTCs BBINYKJIBIM Ha WHTEpBaje (a;c), €CIU OH
pacIioyio’KeH HIDKE KacaTeIbHOM, MPOBEAEHHOM B IIO00H TOUKE
3TOTr0 UHTEpBAJIa.

IIpu 5TOM € yBenMYEHHEM apryMeHTa X KacaresabHas I10-
BOPAYMBAETCA MO YACOBOW CTPEJIKE. 3HAUMT, YTOJ 0. HAKJIOHA K
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ocu OX KacaTenpHas, a CICIOBATEIBHO U €€ YIIIOBOM KO3(-
(GUIUEHT K=tqo yMEHbINIAETCs. 3HAYUT C POCTOM X yMEHBIIa-
eTcst mpousBoaHas PyHKIUHU (T.K. f'(X)=tqo=Kgac.- TEOMETpHYE-
CKHUI CMBICII MPOU3BOJHOM). A 3TO 3HAYUT, 4TO €€ MPOU3BOJI-
Has (f'(x))'=f"(x)<0.

I'padux pyHKIIMM Ha3bIBa€TCS BOTHYTBIM Ha MHTEpBaje
(c;B), €ciii OH PACIIOJIOKEH BBIIIE KacaTeIbHOM, MPOBEAEHHOMN
K rpaduKy QyHKIMH B J1F000# TOUKE ITOro MHTEpBaA.

Paccyxxnenue aHamornyHoe npeablAyieMy, IPUBOIUT K
BBIBOJlY, UYTO HAa MHTEPBAJE BOTHYTOCTH ISl JIIOOOTO X 3TOTO
untepBana Oyxaer f'(x)>0. Toukamm xe meperuba rpaduka
(YHKIIUU MOTYT OBITh €CTECTBEHHO, JIUIIb T€ TOYKH, TJE MPO-
M3BOHAs (QYHKIIMH BTOpOTro mopsiaka y" = f"(x) paBHA HyIO
WIA HE CYIIECTBYET- 3TO €CThb HEOOXOIMMOE YCIIOBHE CYIIe-
CTBOBaHMs TOYEK meperuda, T.e. paccMaTpuBas 3TO YCIOBHE,
HAXOJST TOYKH, MOO3PUTEIbHBIC Ha Teperud ( KpUTHYECKUE
TOYKHU 2-TO POJa).

JlocTaTOYHBIM K€ YCIIOBHEM CYIIECTBOBAHHUS TOYEK Tie-
peruba siBIsieTCsl CMEHa 3HaKa MPOU3BOIHOM BTOPOTO MOPSAKA.
W3 cka3aHHOTO BBITEKAET CXeMa HCCIEeAOBaHUs (YHKITUU
y = f(x) Ha WHTEpBaJi¢ BBITYKJIOCTH - BOTHYTOCTH U TOYKHU

neperuoa.

Haxoauwm o6macts onpezaenenust GyHKITUH.

Haxomum npomsBoaHyt BTOporo mopsiaka )" = f'"(x)=
(f'(x)".

Haxomum mojo3puTenbHble Ha TIeperud TOYKH: (KPUTH-
YECKHUEe TOYKH 2-r0 poxa). st aToro BocmonabzyeMcs He00X0-
JUMOE YCJIOBHE CYIIECTBOBAaHUS TOYEK Iieperuda, T.e. a)
Y'=0= f'(x)=0={x;;x,5- } 6) »'- He cym.=
by}

Hanocum Bce HaliIecHHbIE KPUTUYECKUE TOYKH 2-TO PoJia

Ha 00JacTh ompejaeneHuss QYHKIMA M OTMEYaeM IyraMyd HH-
TepBajbl, HA KOTOpbIE OHAa pa30uBaeTcst ITUMU Toukamu. Hc-
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CllelyeM 3HaK y" ¢ IMOMOILBIO MPOOHBIX TOYEK B KaXJIOM HH-
tepBasie. Ilo HaliieHHbIM 3HaKaM (- BBIIYKJIOCTb, + BOTHY-
TOCTb) YCTaHABJIMBAEM MHTEPBAJIbl BBITYKIOCTH-BOTHYTOCTH U
abcrucenl Touku neperuda rpaduka uccneayemMon GyHKINH.
ITonnas cxeMa uccae10BaHus QYHKIHU:

1. Haiiti ob6nacte onpeaeneHus ¢GyHKUMU. 3anucaTb HHTEpPBa-
Jbl HENPEepbIBHOCTH M yKa3aTh (€CIIM OHU HMEIOTCS) TOUYKH
paspeiBa. (Ecim, ectb TO Hazmo uccnenoBaTh MoBeieHue (PyHK-
LMY B OKPECTHOCTU TOYEK pas3pbiBa. Crenarh BBIBOA O BEPTH-
KaJIbHBIX aCHMIITOTax). lim =oo TO UMeeTCs BepTHKaIbHas

x—>a—0

ACUMIITOTA.

2. UccnenoBath QyHKIMIO HA YETHOCTD - HEYETHOCTD.
f(-x)=f(x)- uérnas, f(-x)=-f(x)- HeuéTHas.

3. UccnenoBaTh GYyHKIHMIO HA IEPHOIUIHOCTD.

4. HaiiTu TOUKH NIEpecedeHHsI C OCSIMU KOOPIMHAT.

5. Haiitu wHTEpBanbl BO3pacTaHUsi M YOBIBaHHS (PYHKIIUU H

TOYKHU 3KcTpeMyma (y').

6. HaiiTu uHTEpBasbl BHIMYKJIOCTH- BOTHYTOCTH M TOYKH Iepe-

ruba rpaduka uccneayemoit pynkuu (y").

7. HaliTn acuMnTOTHl (HaKJIOHHBIE, BEPTUKAIBbHBIE) 110 hopMy-

o . X
JaM y=KX+B ypaBHEHHE HAaKJIOHHOW aCHMIITOTHI. K= lim &
x—>Fo0 X

b= lim [ f(x)— kx] MOBEJIeHNE Ha OECKOHEYHOCTb.
x—>*to0

8. [TocTpoenue rpaduka.

[pumep: HocTpouts rpaduk GpyHKIHM y=X-6x>+9x-3, mpej-
BapHUTENbHO HCCIENA0BaTh (PYHKIUIO MO MOJHOM cXeMe.
Pemenue.

1.06nacTei0 ompenenaeHuss JTaHHOW (PYHKIIUW SIBIISIETCS BCS
9HCIIOBas 0Ch - BCE NENCTBUTENBHBIC qrcna
D(y) U x € (—o0;+0) ,T.e. QyHKIIUS HENMpepbIBHA BCIOAY MpHU
m060M X U e€ rpaduk He UIMEeT BepTUKAIbHBIX aCHMITOT.
2.(-x)=(-X)*-6(-x)*+9(-x)-3=-x>-6X>-9x-3#£y(X)
y(-X)=-(x>-6x*+9x-3)#-y(x) = (yHKIHMS 00LIIET0 BUAA.
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3. Henepuoauueckas.

4. Touku mepeceueHus C OCIMU KOOpUHAT.

a) C ocbto OX: TOUYKHM MEepEeCeUCHH] HAUTH TPYIAHO.

0) C oceto OY x=0, Torma y(0)=-3

5. y'=(x3-6x2+9x-3)'=3x2-12x+9=3(x>-4x+3)=3(x-1)(x-3)
y'=0, 3x2-12x+9=0, x>-4x+3=0. x:=3, xo=I.

(— 00;1): y'(0)=9>0- ¢pyHkums Bo3pacraer.

(1;3):  ¥'(2)=-3<0- pyHKuHs yObIBAECT.

(3;+o): y'(4)=9>0- pynkums Bo3pacraer.
CnenoBatenbHO, TOUKA X=1- TOYKA max. X=3- ToO4Ka min.
Opaunatel 3TUX Touek y,  (1)=1-6+9-3=1

T. A(1;1)-rnankas BepuivHa.

Vi 3)=27-54+27-3=-3

T. B(3;-3)-rnankas BnaauHa.

6. y"=(3x>-12x+9)'=6x-12=6(x-2)

y"'=0, 6(x-2)=0, x=2- kputnueckas ToYka 2-T0 poja.

(-00;2):  y"(0)=-12<0- BBIDYKJIbIH.
(2;+0):  y"(3)=6>0- poruytheiid. T. x=2-abcrucca TOYKH Tie-

peruba

y(2)=8-24+18-3=-1 T C(2;-1)-
TOYKa meperuoa.

7. y=KX+B k= lim 2 b= lim[f(x)—kx]. k=

x—>to0 X

3 2
. x —6x"+9x-3 . .
lim = lim (x*> — 6x + 9) = 00 - HAKJIOHHO
x—>to0 X xX—>F0

ACHUMIITOTHI HET.

8. Toukn nmepeceyeHus ¢ OCIMU KOOPAUHAT

c ocbio OX y=0 x*-6x*+9x-3=0

coceto OY x=0 x-6x*+9x-3=y, y=-1. JI(0;-3)- Touka nepe-
CeUCHHS.

8. TloctpouTts rpaduxk:
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KonTposibHbIE BOPOCHL:
1. Tlepeuncnure OCHOBHBIE TyHKTbI HCCIIENOBAHMS (DYHKIIHHA.
2. Jlma 4ero Hy)XHa NPOM3BOAHAS MpPU HCCIECIOBAHUU

byHKIHN.

IlepBooGpa3Has. Heonpeae/ieHHbIN UHTErpaJl

1. Omnpenenenue nepBoodpazHOi
2. Heonpenenenublii UHTErpas

Oynknusa F(x) HazpiBaeTcs nepBooOpasHo ais dyHKuun f(x),
eciu F'(x)=f(x).

Paccmotpum npumepsi: Oynkims F(x)=x>- nepsoodpasHas 11s
¢ynxmun f(x)=3x%, Tak Kak BBHIIOJHHB TPOBEPKY MONyYaeM
(x*+6)'=3x.

N BooOmIEe, oueBnaHO, uTo eciau ¢yHkiusa F(x)- mepBooOpas-
Hast st pyakun f(x), To u ¢pyakmus F(x)+C, roe C- mobas
KOHCTaHTa, TOe 1mepBooOpazHas 1 pyHkiuu f(x).

Teopema: Jle moOble TepBOOOpa3HbIE JIi OJHONM M TOM
GbyHKIMH, onpeAenEHHON B HEKOTOPOM IPOMEXYTKE, MOTYT
OTJIMYAThCA JIPYT OT Apyra B 3TOM MPOMEXKYTKE JIMIIb Ha MO-
CTOSTHHOE cllaraeMoe (J10Ka3aTelbCTBO ommyckaem). M3 Teopemsl
cnenyet BeiBoM: Ecnmm dynkmus f(x) mmeer mepBooOpazHyro
F(x), To oHa nMeeT OeCKOHEUHOE MHOXKECTBO IMEPBOOOPA3HBIX,
npuuéM Bce TMepBOOOpa3HbIe COJEPKATCA B  BBIPAKEHUHU
F(x)+C rae C- mo6as koHcTaHTa( T.€.-00<C<+00).

[Tpu u3yueHun nepBooOpazHoil OyneM omuparbcs Ha Clenyro-
miee yrBepkaenue. [Ipusnak nocrostacTBa hynkmuu: Ecnu Ha
npomexytke J mpoumsBonnas W(x) ¢ynxnum paBna 0, To Ha
3TOM poMexyTke pyHKIusa V(X) mocrosHHA.
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Urak, ¢pyakums f(x)=c mocTtossHHa Ha TPOMEXYTKe J, eciu
f'(x)=0 Ha 5TOM MPOMEKYTKE.

JlelicTBUTENbHO, 1JI1 TPOU3BOJIBHOTO X| M X2 U3 MIPOMEKYTKA J
10 TEOpEME O CPCAHCM 3HAYCHUN (1)YHKLII/II/I MOKHO 3aIiucarthb:

f(x2)- f(x1)=f"(c) (x2- X1), T.K.
f'(c)=0, To f(x2)= f(x1)

Ti: (OcHOBHOE CBOMCTBO mepBo0OpazHoit pyHkimu) Ecnu F(x)
OJIHa U3 MepBOOOPa3HBIX s PyHKUUH f(X) Ha mpomexyTKe J,
TO MHOXKECTBO BCEX MEPBOOOPA3HBIX ITOU (DYHKIIMU UMEET
Bun: F(x)+C, rae C — moboe neiiCTBUTENLHOE YUCIIO.

T2 Ecou Fi(x) u F2(x) nepBooOpasusie mnst pyaknun f(x) Ha
HEKOTOpPOM HHTepBajie X, TO Haiaercs Takoe yucio C, 4To
CIpaBeJINBO PAaBEHCTBO:
Fo(x) =Fi(x) + C,

WNnm MOXHO cKasaTh Tak, JIB€ MEPBOOOpa3HBbIC IS OJHON M
TOH ke (YHKIMH OTIUYAIOTCS APYT OT ApPYyra Ha MOCTOSHHOE
ciaraeMoe.

CoOBOKYITHOCTB BCEX MEepBOOOpa3HbIX miis GpyHkIuu f(X) Ha WH-
TepBaje X Ha3bIBAETCS HEONPEIEIECHHBIM HHTErpajioM OT

¢byakumun f(x) u o003HaUaeTCs j f(x)dx, roe I - 3HaK MHTe-
rpana, f(x) — moxpunTerpanbHas ¢yHkuus, f(x)dx — moauHTe-
rpajgbHOE BEIpakeHHe. Takum o0pazom

j f(x)dx = F(x) + C,
F(x) — HexoTopas nepBoobpasznas s f(x), C — npousBoiabHas

nocrosiHHasA. Onepanus HaxOKICHHUs HEOIPENEICHHOIO MHTe-
rpaia oT (YHKIMM Ha3bIBACTCd  WHTETPUPOBAHUEM ITOM

byHKIIHIH.
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OcCHOBHBIE CBOMCTBA HEOIPENEIEHHOI0 HHTErpaja.

I. (J- (f(x)dx)" = f(x). [IpousBoaHAas OT HEOIPEACTCHHO-

ro MHTErpasia paBHa MOABIHTETPATHHON (YHKIIUH.
2. Huddepennuan or HeoNnpeAeIeHHOTO HHTErpajla paBeH
[IOAUHTETPAIbHOMY BBIPAXKEHHUIO.

d( j f(x)dx) = f(x)dx.
3. Heompenenennsiii uaTerpan ot auddepennnana Heko-

TOpoi (YHKIIMH paBeH 3TOH (PYHKIIMU C TOYHOCTHIO JI0 TTOCTO-
STHHOTO CJIaraeMoro.

j d(F(x)) = F(x) + C.
4. [TocTOAHHBIT MHOXHUTEIb MOXHO BBIHOCUTH 32 3HAK
MHTErpaja:
.[kf(x)dx = kj f(x)dx, Tne x - yucio

3. WuTerpan ot cymMMmbl ABYX (YHKIMH paBeH CyMMe HH-
TETPaJIOB OT 3TUX (HYHKIIHI

.[ (f(x) to((x))dx = .[ f(x)dx + J- o(x)dx.

Jlyis BBIYMCIIEHUS] HEOIpeleeHHBIX MHTErPajoB OT (YHKIIHI
UCTOJB3YIOT TAOIUIy HEOIpENeNIeHHBIX MHTErPaloB, KOTOpas
MIPUBOJUTHCS HUKE.

Tabnuiia HeonpeaeIeHHBIX HHTEIPAJIOB.

x*dx =[x*"/(a+1)] +C,a#-1,a €ER
dx/x =In|x|+C
a* = (a%ln a)+C, j e*dx = e*+C

sinx dx = -cosx + C
cosx dx = sinx + C

dx/(cosx)*> =tgx + C

[ S S S S SR SE— S—

dx/(sinx)? = -ctgx + C
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dx /+/(a 2-x*) = (arcsin x/a) + C

dx / yJ(a? —x?) = (-arccos x/a) +C

dx / a> +x* = 1/a arctg x/a +C

dx / a® +x* = - 1/a arcctg x/a +C

dx/a? x*=1/2aln |x+a/x-a| +C

dx / (a2 +x%) =1n | x+ (a +x))| +C.
[Tpumep.

Berancnuthb J- (2x2 34x -1)dx.

Pemenue. Bocnonb3yemcs cBoiicTBamMu 4 U 5 HEOIIPEIEIEHHBIX

(S SE SN S S S—

WHTETPAJIOB U TIEPBOM TaOIWYHON (POPMYIIOH. j (2x* -3 Jx -
Ddx = 2 j x dx - 3 j X2 dx - j dx= = 2(x%/2) - 3[(x*2

*2)/3] —x + C =x%-2/x 3 —x +C.
[Tpumep.
[ @~x -1x+4sin)dx = [ 2x dx—In | x| - 4cosx + C=

2[(x"2#2)/1]=1In | x| -4 cosx +C=4+/x -In|x |- 4cosx + C.
JInsi BBIYMCIICHUST HEONPEICNECHHBIX HMHTETPaJIOB MPUMEHSIOT
CIIEAYIOIIME METOMAbI: METOJI HENOCPEACTBEHHOIO HHTErpUpO-
BaHMSI, METOJI MOJCTAHOBKHU(METOJ] 3aMEHbI ITEPEMEHHOM), Me-
TOJl UHTEIPUPOBAHUSI 1O YACTAM.

CymecTBYIOT 37eMeHTapHble (PYHKIIMH TIEepBOOOpa3HbIE KOTO-
PBIX 2JIEMEHTapHbIMU (QyHKIUAMU He aBisitoTcs. 1o aToil npu-
YMHE COOTBETCTBYIOIIME HEONpEACTICHHbIE MHTETpaibl Ha3bl-
BAIOTCS «HEOEPYLUIMMHUCA» B DJIEMEHTAPHbBIX (PYHKIUAX, a caMU
(GyHKIMN HE HHTETPUPYEMBIMU B 3JI€MEHTAPHBIX (DYHKITHSX.

Hanpuwmep, I e X2 dx, I sinx? dx, I cosx’ dx, I sinx/x

dx, .[ cosx/x dx, .[ dx/Inx — «HeOepymuecs» UHTETPaIbl, T.C.
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HE CYIIECTBYET TaKOM 3jemMeHTapHo GyHKIuH, 9To F "(X) = e
X2 F (x) =sinx? u T.1.

KoHTpos1bHBIE BOIPOCHI:
1. TlonsiTne mepBOOOpa3HOM.
2. Ilepeuncnute OCHOBHBIE (HOPMYJIBI HAXOXKACHUS IEp-
BOOOpa3HBIX.

OnpejesieHHbIA HHTErpaJl, ero ceorcrea. Popmysia
HbloTOHa - JleiioHMIA. [IOHATHE HHTErpajbHON CyMMBbI.

[lycte Ha otpeske [a, B] 3amana ¢yHkuus y = f(x).
Pa3o6bpem 0Tpe30k Ha I 3JIeMEHTapHBIX OTPE3KOB TOUKAMH Jie-
JIeHUS a = Xo, X1, X2, ..., Xu = B. Ha K&XXJJOM 37IeMEHTapHOM OT-
pe3ke [Xi-1, Xi] BbIOepeM Mpou3BOIbHYIO TOUKY Ci M TIOJI0KUM

AXi = Xi — Xi.1, tae 1 = 1,2,...,n, B kaxaoii touke C;
HalimeM 3HaueHue GyHkmuu f(Ci), cocTaBuM NpOU3BEACHUS
f(C)Ax1, f(Cr)Ax2, ..., f(C)AX;, ..., f(Ch)AXn, paccMOTpUM
CYMMY 3THX MPOU3BEICHUI:

f(CAx; + f(C2)Ax2 + ... + f(C)HAX; + ... + f(Ch)AXy =X
f(Ci)AXi.

Oty cymMmy OyzaeM Ha3blBaTh WHTETPAJIbHONH CyMMOMN
st dyaknun y=f(x) Ha oTpeske [a, B]. UHTEerpaspbHas cymma
3aBHCHT KaK OT Criocoba pa3OueHus: oTpeska [a, B] Ha I yacTei
Tak u OT BeIOOpa Touek Ci, Co, ..., Cy HA KAXIOM DJIEMEHTap-
HOM OTpe3Ke pa3OueHHUS.

['eoMeTpUYECKHUN CMBICT UHTErPATbHON CYMMBI.

[Tycts =3, Torma a = Xo, X1, X2, X3=B.

Ci1 ,C2 ,C3 TOukHM, BEIOpAHHBIC MPOU3BOJIBHO HA KAXKIOM dJie-
MEHTapHOM OTpE3Ke.

S1 = f1(C1) AX1 — mionaap NpsIMOYTOJIBLHUKA, IIOCTPOCHHOTO HA
NIEPBOM OTpe3Ke pa3dueHus, AXi = X1-Xo,

S> = £(C2) Axo — Tonaak MPSIMOYTOJIBLHUKA, IIOCTPOCHHOTO HA
BTOPOM OTpe3Ke pazoueHus. AXo> = X2-X1,
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S;3 = £3(C3) Ax3 — utonaabr MPSIMOYTOJIBLHUKA, IIOCTPOCHHOTO HA
TPEThEM OTpe3Ke pa3OueHus. AX3 = X3-X2,

S =S+ S +S3 =11 (C))Ax1 + £ (C))Ax2 + 3 (C3)Ax3 = X
f(C)AXi.

OTO MJI0MAab CTYNEeHYaTOW (GUTYPBI, COCTABIICHHON U3 MPSMO-
YT OJIbHUKOB.

O6o03HaYnM TMHY HAHOOJBIIETO U3 OTPE3KOB pa3OMEeHHS Ue-
pe3 max Ax;, rne i=1,2,...1

[Tycts npenen uaTerpanbHoii cymmbl X f(Ci)AX; mpu cTpemiie-
HUU max AX; K HYJIO CYIIECTBYET, KOHEUYEH U HE 3aBHCUT OT
cnoco0a pa30ueHus oTpe3ka [a, B] HA 4acTU M OT BBIOOpa TO-
yek Ci, Ca, ..., Cy. Torma sToT mpenen Ha3bIBaeTCs Ompesie-
JIEHHBIM MHTerpasioM oT GyHkmuu y = f(X) Ha [a, B] u 0603Ha-

qaercs f: f(x)dx.

Uwncno a Ha3bIBaCTCSI HIKHUM TPEIEIIOM, b — BEpXHUM
npenenoM, f(x) =] mnoaunHTerpanpHOM ¢yHkIMel, f(x)dx —
MTOIMHTETPATHHBIM BBIPAKCHHUEM.

HekoTtopble CBOMCTBA ONPENEIEHHOIO HHTErpaIa.
1° . 3HaueHue ONpe/IEIeHHOTO MHTErpana He 3aBHUCHT OT 060-
3HAYEHUs IEPEMEHHON HHTErPUPOBAHUS, T.€.

b b b
[reodx = [r@dr = [ f(2)dz urn
a a a

b
20, J. f(x)dx ects uncio.
a

a b
30, j F(x)dx =- j F(x)dx, a<b
b a

49, TTocTOSHHBINA MHOKHTEIb MOYHO BBHIHOCHTH 3a 3HAK HWHTE-
rpaia.

b b
jmf(x)dx =m jf(x)dx , TJe m — const.
a a

75



5°. Mnterpan ot cyMMsl QyHKIHII paBeH CyMMe HHTETpasIoB.

b b b
[(F)+p()dx = [ f(x)dx+ [ p(x)dx
a a a

6°. Eciti oTpe3ok MHTErpupoBaHUs pa3OuT Ha 4yacTH (a < ¢ <
b), To uHTErpas Ha BCeM OTPE3KE paBeH CyMMe MHTETPAIOB Ha
KaXXJ0M U3 YaCTEeu.

b c b
[f@dx = [ 1)+ [ fx)dx,
a a C

CymecTByeT erie psii Ba)KHBIX CBOHCTB ONPEICICHHOTO MHTE-
rpajia, KOTOpble MOABOAAT Hac K (opMmyse JUIsl BBIYHCICHHS
OTpeIeICHHOTO UHTeTpasia. JTa popMyna Ha3biBaeTcs Gopmy-
noit Hetorona — JleitOuuma juist f(X) HenmpepbiBHOW Ha [a; b].

b
j f(x)dx = F(b) — F(a), tne F(x) Hexotopas mepBooOpaszHas
a

s ysknuu f(x).
1

Hanpuwmep, j x’dx - BBIYMCIIUTS.

0
Haxonum mepBooOpasnyio i (yHKIMH X, T.€. HEOIpene-
JIeHHBII MHTErpan oT X, IPOU3BOILHYIO MocTosHHY0 C mpu-

PaBHSIEM K HYIIIO.
1

[ =x3 | =13-03=1/3

2

0
[ToacTaBUM B MEPBOOOPA3HYIO X /3 BHAUaje 3HAUPHUIE REpXHE-
ro mpejena, paBHOro l, 3aremM 3HaueHHE HWXKH 77/ 21ena,

paBHoro (0 BMecTO X.
/2
[Tpumep. Beruncouts jcos xdx = sin x | =sinm/2 —sinm/6 =1
-7/6

=172 o,
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[Tpumep. Brraucnuth I (2x —x)dx = (__7) | — 24

—[ D= (DY) =4 -4 —(1- (1/4)) = -3/4.
KonTposbHbIE BOPOCH!
1. Omnpenenenne uHTErpaia
2. HazoBute dpopmyny Herorona-JIeiiOnuia

CTeneHb C NPOU3BOJIbHBIM JeUCTBUTEIbHbIM
NnokasareJsieM, eé cBoucTBa. CTeneHHasa QyHKIUA, eé
CBOWCTBA, rpapuKu.

1. TIoHSTHE CTEIIEHH.
2. CsoiicTBa cTENEHEIA.
3. Crenennas GyHKIHS.

BcnioMHHTE CBOKCTBA CTENEHU C PALIMOHAIBHBIM ITOKa-
3aTeneM.
a-a-a-...-a=a" Mg HATyPAIBHOTO 1
n pa3
" — cTemneHb; a — OCHOBAHHE CTEIEHH; 1 — ITOKA3aTellb
CTEIICHU.
Jlns crenenu ¢ paMoHaIbHbIM ITI0KA3aTENEM 1:

a>0 a">0 ( =a"b"c"
n—uemu. a" >0 a
a<0 had :_n
n—nevem. a" <0 b
a’ =1 ( )
—n 1 m n m+n
a’=— a"-a"=a
a
m
an — n am am an :a}ﬂ*n
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O0001IMM TOHSITHE CTEIIEHA

I[lyctha>1,a<1wu a <0, Hanpumep IO*ﬁ;O,S*ﬁ.

Torna BeIpakeHU0 a” MPUAAIOT TOT K€ CMBICI, KAKOH UMEIOT
CTENEHHU C OTPUIIATEILHBIM PAlIMOHATLHBIM TTOKa3aTelIeM
_ 1 _ 1
1077 =—; 0,5 =——
10 0,5
Takum 00pa3oM MOXHO CKa3aTh, YTO BCE CBOWMCTBA MOKa3aTe-

Jeil palMOHANbHBIX MPUMEHUMBI M K IMOKa3aTelsiM Hpparuo-
HaTbHBIM

B .
a®-a’ =a"*’; (a“) =qg*?
W 3HauuT 3anucaHHbIC BBIIIE CBOMCTBA CTENEHU C palu-

OHAJIbHBIM IMOKAa3aTCJIEM CHPAaBCIJIMBBI JI CTCIICHU C JIFOOBIM
HeﬁCTBHTCHBHBIM IIOKa3aTecJIEM.

@ynHkims Buna y = x" Ha3bIBAaCTCS CTCICHHOW ()YHKIHCH.

X — apryMeHT (OCHOBAaHHE CTETICHH )

n — TOKa3aTelb CTEICHH.

OTMeTHM CBOWCTBA OOIINE 71t CTENEHHBIX (DYHKITHIL:

1) npu n>0 x>0 ¢yHKuus Bo3pacTaromas

2) mpu n<0 x>0 dbyHKIM yOBIBaromas

[IpuMeHeHHe: UCTIONB3Ys TPAPHUKH CTENCHHBIX (YHKITUI
MOXKHO TpaduuecKd pemarb HEKOTOpble ainredpandeckue
YpaBHEHWUS.

KonTposibHBIE BOIPOCHL:
1. CsoiicTBa creneHeil.
2. HazoBuTe HECKONBKO CTEMEHHBIX (DYHKIIMI U MTOCTPOMA-
T€ UX TpauKH.
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HppanuoHaibHble ypaBHEHUSA
1. UppatmoHaibHble ypaBHEHHS U CIIOCOOBI UX PEILICHUSI.

UppaiimoHaJIbHbIM Ha3bIBAETCS YpaBHEHHUE, B KOTOPOM
MepEeMEHHas COJIEPKUTCS MOJT 3HAKOM KOPHSI.

PemaroTcs Takue ypaBHEHUS BO3BEICHHEM 00EHX YacTei
B cTeneHb. [Ipy BO3BEJEHMM B YETHYIO CTEIEHb BO3MOKHO
pacupeHre Oo0JIaCTH OIpeaesieHUs] 3aJaHHOTO YPaBHEHUSI.
[TosToMy mpu pelieHMH TakKuX HPPALUOHAIBbHBIX YpaBHEHHM
00s13aTeNbHBl MPOBEPKA WM HAXOXAECHUE O0JAaCTH JOMYCTH-
MBbIX 3HaYCHHUI ypaBHeHUU. [Ipy BO3BEEHUH B HEUETHYIO CTe-
neHb 00erxX YacTedl HMppalMoOHAIbHOTO YpaBHEHHsS 00JacTb
OIIpEJICJIEHUS] HE MEHSIETCSI.

HppannoHaibHble ypaBHEHHs! CTaHJAPTHOTO BHJIA MOX-
HO PELIUTH MOJIB3YSICh CIETYIOIUM IIPaBUIIOM:

S(x)=g(x)
y
g(x) =0,
f(x)=g*(x).

Pewenue uppayuonanvueix ypasnenuii cmanoapmtoz2o

suoa:
a) Pemmts ypaBaenne 2x—1 =x-2,
Pewenne.

V2x -1 =x-2,
2x — 1 =x>—4x + 4,
x2—6x+5=0,

X1 =5,

x2=1

x-2>0

X>2

OrtBer: 5
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6) Pemnts ypasuenne v 6 —4x — x* =x+4,

Pemienue.
m =x+4,
6—4x—x"=x"+8x+16,
{x+420;
2x* +12x+10=0,
{x2—4;
x’+6x+5=0,
{x2—4;
x>—4,

x, =-1,
X, ==5—nocmx.

Ortser: -1
B) Pernts ypauenune x — 1= 3/x° —x —1,
Pemenue.

x—1=3/x>—x—-1,
x*-3x2+3x-1=x>—x—1,
x> —4x>+4x =0,
x(x?—4x+4)=0,
x=0mwmx>*—4x +4=0,

(X - 2)2 = 07
x=2
OrtBert: 0; 2.

r) Pemuts ypaBHenne x — SA/x —2 +4=0,
Pewenne.

X—54x—-2 +4=0,
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x+4=5/x—-2
x>+ 8x + 16 =25x — 50
x2—17x+ 66 =0
x+4>0
x.>-4
x1 =11
X2=6
Ortser: 6; 11.
HppanmoHanbHOE YpaBHEHHE, COJIEpIKaIlee
HPPALUOHATIEHOCTh YeTHOM CTCIICHMU:

n) Pemnths ypaBHEHUE \/3)6 -5- \/4 —-x=1
Pemienue.

N3x—5—+/4—x =1, Bossenem obe wactu ypaBHEHHS B
KBajipar

3x-5-2/(3x-5)4-x) +4—x=1,
2x —2=24/(3x — 5)(4 — x),
x-1=4/(3x-5)(4-x),
x’=2x+1=Bx=5)4 -x),
x*2x+1-12x+3x>+20-5x=0,
4x7=19x +21=0,

x=3

x=1,75
OtBerT: 3.

KoHTpos1bHBIE BOIPOCHI:
1. Kakue ciocoOsI pemnieHns npparroHAIbHBIX YPAaBHEHUH.
2. Kak ocymiectisieTcs: IpoBepKa BEIOOpa KOPHEH.
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Iloka3aTtesibHasA PyHKIMS, eé rpaduk, cBOMCTBA.
Jlorapupmuieckas pyHKuus, eé rpadpuk, CBOMCTBA.

1. [TokazaTenpHast GyHKIIHS.
2. Jlorapugmuueckas QyHKIUS.

Oyukiusa Buga y=a*, rae a#1 u a > 0 Ha3pBacTcs

OKa3aTeILHOII.
CaoiicTBa

O6nacTh onpese/ieHus: X € (—oo;+oo)

MHOXeCTBO 3HaueHUW (QYHKIUU: ye(0;+oo) HAa3bIBAIOTCSA

OOIIMMHU CBOMCTBaMU IMOKAa3aTeNbHOW (PYHKIUH U HE 3aBHCAT
OT OCHOBaHMSI, Kakoe OHO OoJibiie 1 uian MeHbIe 1.

a>1 a<l
@Oynkius Bo3pactaromas npu | yHknus yoObIBaromas mnpu
x<0 y<lx>0 y>lI x<0 y>1 x>0 y<l

X—>00, y—>0o0 Ta CTemeHb | x >, y—>0 Ta creneHb

OoJbIlIe MMOKa3aTenh KOTOPOW | OoIbIe, MoKa3aTellb KOTOPOM
OoJiblIe MEHBIIIE

[Ipu permeHnn yduThIBaeTCS OCHOBaHHE (Kakoe OHO
Oompiie 1 unu MeHbie 1) U 3HAK TTOKa3aTelss CTCTICHH.

[Ipu pemienuu oOpaiaeTcss BHUMaHUE Ha OCHOBaHUE
(xakoe oHO Oosbine 1 winm MeHbme 1) W yduThIBaeTcsi 6-oe
CBOMCTBO MOKa3aTeIbHON (YHKIIUU

dyHKMs, 0OpaTHAs TOKA3aTeIbHON, HA3bIBAETCS JIOTa-

pubmuyeckoii y=a*, a#1 u a >0 — nokasarenpHas GYHKIUSL

x =log, y, momeHsieM MecTaMu X W Yy, TOJy4aeM
y=log,x, a#1, a>0 — 370 U ecTb Jorapupmuyeckas
byHKIML.

3Haem, 4To TpaduKu OOpaTHBIX (QYHKIMH CHMMETpHY-
HBI OTHOCUTENBHO OucceKTpuchl I u 11l KoOpIUHATHBIX YITIOB.
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Bocrnonps30BaBmmch 3TUM CBOMCTBOM M300pa3uM TpaduKu JIo-
rapudmuueckoi GpyHkuuu npua>1lua<1
4

Yoo

KonTposibHbIE BOPOCHI:
1. Tlepeuncnute cBOMCTBA MOKA3aTEIbHON (PYHKITUH.
2. Ilepeuncnure cBoiicTBa TorapuPMUIECKON QyHKIIUH.

Iloka3aTe/ibHble ypaBHEHUs M1 HEPABEHCTBA, CIOCOGbI
UX pelleHMs

1. TlokazaTenbHbIE ypaBHEHHS.

2. Iloka3aTenbHble HEPABEHCTBA.

VYpaBHeHUs, colepkallie MEePeMEeHHYI0 B IOKa3aTele
CTCIICHHU, HAa3bIBAIOTCA IIOKA3aTCIIbHBIMMU.

Hampumep: 22 —4 =27, 5V

=1 mr.nm
[Ipu pemieHny MOKa3aTENbHBIX YPAaBHEHUN NPUMEHS-
IOTCSI pa3Hble METObl PEUICHUs, KOTOPbIE Mbl PAaCCMOTPHUM Ha

KOHKPECTHBIX IpUMEpax.

278 =64, Tk 64=8-8=2.2>=2° 10 2% =2° MBI mpu-

BCIIN 066 4YaCTH YpaBHCHHA K OJJMHAKOBOMY OCHOBAHHIO, a TaK

KaK CTCIICHU paBHBI, paBHBI HUX OCHOBaHUA, TO paBHBI H II0Ka-

3aTenu CTEIICHEH, T.C.
14 2

3x-8=6; = 3x=14 = x=—=4=
33
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OTtBeT: 4g
3

IToka3zarens CTEMEHN MOXKET OBITH JIOOBIM YKCIIOM, IIO-
3TOMY MPOBEPKY JeJIaTh HE HAJIO.

OrtBer: 4E
3

0,1*-10°**2=100 B meBoii wactu 0,1=10" u Torma

2x
(10_1) -10°*? =10%, Tak KaKk NpPU YMHOXEHHH CTEIEHEH c
OJIMHAKOBBIM OCHOBAaHHEM MX MOKa3aTeNll CKJIabIBAIOTCS, IPU
BO3BEJICHUU CTEIICHHU B CTENEHb MOKA3aTelld NMEPEMHOKAIOTCS,
To 10722 =107 = —2x+3x-2=-2 x=0, 5T0 1 ecTh
pewenne ypaBHenus. Oteer: x =0.

O6a ypaBHEHHUS pPEIIATUCh METOIOM CBEACHHUS 00EuX

yacTell ypaBHEHHUS K OJMHAKOBOMY OCHOBAHMIO. A €CIIU HEJb3s
CBECTH K OJJUHAKOBOMY OCHOBaHUIO?

2,76* = 0,713 Yro nenars?

Kax pemuts?

Temeppr MPUMEHHM TOJILKO METOA JIorapru(MHUPOBAHHUSL.
[ponorapudgmupyem o0e 4acTu ypaBHEHHUsI, HAIPUMED IO OCHO-
Banuto 10, T.e. HalAEM OT 00ENX YacTel ACCATUIHBIN JIorapudM.

1g2,76" " =1g0,713

(3x—1)lg2,76 =1g0,713

_1g0,713

T 1g2,76

3x-1=-0,137

3x=1-0,137

3x=0,863

x~ 0,288, pe3yapTaT HE M3MEHHUTCS, €CJIH B3ATh JOorapupm

3x-1

HATypaJbHBII, TO ecTh OepéM TOT Jorapup™M KOTOPHIA MOKHO
HaiiTh, ucnonbzysa MK.
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3% —2.3"1_2.3%2 =1 pcnonb3ys CBOMCTBA CTENEHH, HMe-
em 3%¥—2.32%.371_2.32¥.32 = | p nepoif yacTH KakI0€ ClIa-

raeMoe COJEPXKHUT OOLIMI MHOKUTEND 3°* . Bemecem 3%* 3a

CKOOKH, MOJTYYHM:
P (1-2.37-2.32) =; 32){1_2_2):1; pr 9-6-2
39 9
1
32)6._:1 32x:9 32x:32
9
2x=2 x=1

OtBeT: x=1. DTOT METOA TaK W HA3BIBAECTCSI — METO.I
BBIHECEHUS OOIIEr0 MHOKUTEIS 32 CKOOKH.

247 _17-4"+8=0 Tax Kak 4“=(4")2, TO ypaBHeHHe

2
2. (4x) —17-4" +8=0 mpeacraBiaseT KBaJApaTHOE ypaBHEHHUE

otHOcUTeNbHO 4" . ITycTh 4" =¢, TOorAa

21> —17t+8=0 peuraeM KBagpaTHOE YPABHEHHE OTHOCH-
TEJIbHO IIEPEMEHHOM 1.

J=17*-4-8-2=289—-64=225

17+15 _ 2 1
t1’2= 4 ; t1=8’ t2:Z:5
[ToacraBuM 3Ha4YEHUS ¢ B PABEHCTBO 4" =¢
4*=8 = 22 =2% 2x=3; ngzl,s
4*:1; 2% =271 2x=-1 I
2 2

Oteer: x=1,5; x=-0,5. [Ipu pemeHnn ypaBHEeHUs IpUMe-
HHUM NIEPBOHAYAJIBHO CBEACHUSA K KBaJIpaTHOMY ypaBHEHHIO. B
CIIEYIOIIMX MPUMepax MoCTapaeMcsl CaMOCTOSITENILHO OIpeie-
JIATh MCTOA PCIICHUA U 3aTCM C HOHCKaBKOﬁ npenoaaBaTeisd
BBITIOJIHATH PEUICHHE 3TOTO YPaBHEHHUS.
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1
V3" =—— mnpuBeneM K OJMHAKOBOMY OCHOBAHHIO «3»

Z 1
32:_2
32
x 3
32 =32
x__3
2
x=-3. OtBeT: x=-3

2°.5=1000;10"=10°;  x=3.Otser: x=3
0, 096*7% = 5,17 cBecTH K OJUHAKOBOMY OCHOBAHUIO HEJb3S,
nposiorapudmupyem o6e 4acTi ypaBHEHUS:

(4-2x)1n0,096 =1n5,17; 4—2x=1>17
In 0,096
4-2x=-0,0408;, —2x=-4-0,0408; —2x=-4,0408
x=2,0204
x~2,02
Oter: x~ 2,02
3x+3x+1+3x+2 :7x+7x+1+7x+2
3 435343532 =7 475 T+ T TP
3 (143+9)=7"(1+7+49)
3%-13=7"-57,3"#0 u 7°#0 MOXHO pa3aenuTh 00¢

94acTH ypaBHEHHs Ha 3" wiam 7", IOJIydrM:
Fa (3]

7513 7) 13
357

x-lg==lg—
87783

86



lg—
x:—1;=—1,74. OtBeT: x=-1,74

1 -

g7
4+2% =2>" 4+2°=2"".2" 22"%—2*—4:0
(27) 2-27-4=0

2
[ycts 2" =¢, Torna %tz—t—4=0
?-2t-8=0 JJ=4+4-8=36

216
2" =4; 2"=2% x=2 2" =-2 — ypaBHe-

HHE He uMeeT pemenus, T.K. 2° >0 Bcerga. OtBer: x =2

IlokazaTenbHbIC HEPABEHCTBA.
HepaseHcTBa, conepkaiiye IEpEMEHHYIO B ITOKa3aTee
CTEIIEHU, HAa3bIBAIOTCS IOKA3aTEIbHBIMU.
[Ipu pemeHMH NMOKa3aTeIbHBIX HEPABEHCTB HCIOJIB3Y-
IOTCSl CBOMCTBA MOKa3aTeNbHON (DYHKIIMM, CBOHCTBA CTEIEHH.
PaccmoTpuM mpocTedimue METOAB! PEIICHHs ITOKa3aTeIbHBIX
HEPaBEHCTB.

4-x
a) 57> (LJ
25

HpI/IBeI[éM 00e yacTu HEpaBCHCTBA K OJJUHAKOBBIM OCHOBAaHU-

1 _
SIM. YuuTteiBas, qTOo — =57 , TO
25
X _ 2(4— n ) o
=57 55207 1 (a’”) =a™" (cBOMCTBO

4—

557> (5—2 )
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crenenun). OcHoBanue 5 > 1 = (yHKIUSA Bo3pacTaromas u mo-
stomy x—1>-2(4-x).

PemraeM HepaBEHCTBO NEPBOM CTEIIEHHU.
x—=1>-8+2x

x—2x>-8+1

—x>-7
< xe(—oo;7)
ANNNNNNNNNNNNNNGNY >
7

2— ..
0) 0,7* 1Sl.HpI/IBe/:[eM K OJMHAKOBBEIM OCHOBAaHUAM. 3Had,

0
yro @ =1, TmpencTaBUM NpPaByI YacTh HEPABEHCTBA, KakK

0,7O H TOTJa
0,77 <0,7°

Tak kak 0,7 < 1, To QyHKIMs yObIBaOMIAs U 3HAUMT X~ —1>0.
DTO KBaJIpaTHOE HEPABEHCTBO, KOTOPOE PEIIAeTCS METOJOM
HMHTEPBAJIOB.

(x—l)(x+1)20

iy — A

-1
x € (—o0;—1]U[1;+0)
B) 57 >9.2
[IpuBecTH K OJMHAKOBBIM OCHOBAHMSM HE IPEJICTABIAETCS

BO3MOXKHBIM. Hcronb3yem MeToq norapudMupoBaHus.
xlogs5>1logs9,2, 1.x. log;5=1, 10

S /////////4// /R

x>log59,2 138
x>1,38
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x €(1,38;+0)

MoxHo norapupmMupoBaTh 00€ 4YacTH HEPABEHCTBA IO
mobomMy ocHoBaHu0. Hanpumep o ocHoBanwmio 10.
xlg5>1g9,2

1g9,2

x> , T.K. 1g5>0 n x >1,38. OtBer TOT XKe.

r) 0,24 <15,7 [Iponorapudmupyem Mo OCHOBAHHUIO «&»
x-In0,24<1In15,7,T.K. In0,24 <0,

TO X 2 —— x>-1,93

B x €[-1,93;+00)
) 3 -3" <54 HWcmonb3yss CBOMCTBO CTEINEHH, HMEEM
3.3 37 <54; BBIHECEM 3" 3a CKOOKH

3°(3-1)<54 = 3'.2<54 = 3'<27 = 3'<3, 1k 3

>1,10 x<3

N/ //////// /S
3

3arem pemraroTcs HepaBeHCTBa

x €[3;+0)

9053 97 , IPUBEJIEM K OCHOBAHUIO 3
30573 (33 p k3> 1,10

2(0,5x*-3)<3

x*-6<3

x*-9<0

(x-3)(x+3)<0 xe(-3;3)
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x—1

2x+ > ]

x-1

2041 520 1x.2>1, 10
x__1>0

x+1

+ +

/_1 1// o

x € (—o0;—1)U(1;+)

x—1 x—1
2.11 (EJ (ﬁj >4i9. B neBoii uacTH HepaBeHCTBA

7 6

Hago0 yMHO)KI/ITI: CTCIICHU C OAWHAKOBBIM IIOKA3aTCJIEM. T.K.
3 49\ 4
a”~b”=(ab)n,T0 — = >—
7 6 49

KoHTpos1bHBIE BOIPOCHI:
1. Ha3oBuTe OCHOBHBIC CIOCOOBI pEIICHUS MOKa3aTelb-
HBIX YPAaBHEHUM.
2. Ha3oBuTe OCHOBHBIE CITOCOOBI pelIeHUs MOKa3aTeb-
HBIX HEPABEHCTB.

Jlorapudmsl, ux cBoicTBa. JJorapupmudeckoe
TOXAECTBO, popMy.ia nepexoja.

1. Tlonstue norapudma.
2. OcCHOBHBIE CBOMCTBA JIOTaprU(MOB.

Urak, Mbl 3HaeM, 4To0 a”" =b , a €cliu 1 — HEU3BECTHO?
Kak M0HO HalTH MOKa3aTenb CTENEHU U3 paBeHCcTBa: 2 =14
? Hukakue u3BeCTHbIE HAM JEHCTBUS HE MOMOryT. BoT moaro-
MY BBOJIUTCSI HOBOE MOHATHE, MOHATHE JIoTapudMa.

JlorapudmoM umcna Ha3bIBAETCs MOKa3aTelb CTEIEHH,
B KOTOPYIO HaJ0 BO3BECTH OCHOBaHUE, YTOOBI MOJIYUYUThH JaH-
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Hoe ymcno: log, b=c; a>0 cormacHo ompeneneHus UMeeM

a°=b, u Torma a“*"=b — ocHOBHOE JOrapupMHUECKOE
TOXJIECTBO.
1 3

she?=2; 0,2°%7 =3,

Jlorapudmsl 0671a7a10T CBOWCTBAMH:
1.1.  Jlorapu¢msl OTpULATENBHBIX YHCEI HA CYIIECTBYIOT
(TOJTOXKUTENIBHOE YUCIIO B JIFOOOW CTENEHH €CTh YHCIIO TO0JIO-
KUTEIIBHOE).
1.2.  Jlorapudm eguHUIEI TP JTF0O0M OCHOBAaHUHU PaBEH HY-
mo, log,1=0,1x. a’ =1.
1.3. Jlorapudpm camoro ocHoBaHHWs paBeH 1, TO ecTh

1

log,a=1,1x. a =a
1.4.  Jlorapudm mpousBenacHus npu J0O0OM OCHOBAHHH pa-
BEH CyMMe Jiorapu()MOB COMHOXKUTENEH PU 3TOM K€ OCHOBa-
mu. log, (N, -N,)=log, N, +log, N,
ITokaxxem, 4TO 3TO TaK:
[Tycts log, N, =n, u log, N, =n,; 10 OIpeneneHHuIo Jora-

pupma umeeM N, =a" u N, =a™
N,-N,=a"-a" =a"*"; orciona n +n,=log,(N,-N,) n
torga log, (N,-N,)=log, N,+log, N,, uro u TtpeGoBanoch

OKa3aTh!

1.5.  Jlorapudm npobu mpu 1000M OCHOBAHHM PaBEH pas-
HOCTH Jorapru(mMa 4UCIUTENS U Jorapudma 3HaAMEHATENs MPH
3TOM K€ OCHOBAaHUH

N
1 _
loga N, loga Nl _loga N2
N2
(moka3aTeapCTBO aHAJIOTUYHO CBOMCTBY 4, TOKAXXUTE CaAMOCTO-
ATeNbHO. MOYKHO BOCIIOJIB30BAThCS MOJICKA3KOH YUeOHHKA)
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1.6. Jlorapudmom crteneHu npu JIFOOOM OCHOBAHHMH DPAaBEH
MPOU3BCACHUIO MOKAa3aTCIIsl CTCIICHU Ha JIOFapI/Iq)M OCHOBAaHUA

CTETEHH. log, N" =m-log, N
Jlorapudm umcna ¢ ocHoBanmem 10 Ha3bIBaeTCs mecs-
TUYHBIM U UMEET O0COOYIO 3aIHUCh.
log,,b=1gb
Jlorapum yucna ¢ CHOBaHUEM e Ha3bIBACTCS HATypallb-
HBIM ¥ MIMEET Tarke ocoOyro 3amuch log,b=Inb. e~2,718
yucno Henepa.

W necsatuyHbli, W HATypalbHBIA JIorapudMel JTH000T0
YUCcIa MOXHO HaxoAuTh nipu oMo MK

1g17,4=1,2405 In0,384 = —0,9571
17,4 [log 0,384

A ecny Ha/l0 BBIYMCIHTS JIOTapr(M YrcIia IpH JIF0O0M Oc-
HoBanun? Yro nenars? Hano nepelitu k ocHoBanuio 10 niu e.

[lo ompenenenmio norapudpma %" = N, ucrmonssys
CBOMCTBO Jorapu(MoB (CMOTPUTE CBOWCTBO 6) HMeeM
log, N =log, N-log, a

log, N

log, a
pexoaa OT OJHOW CHCTEeMBI JorapudmMoB K apyroi. OT1a ¢dop-
MyJja 4YacTO TPUMEHSETCS MPH PEIICHHH JIOTapuPMHUUECKUX

u torja |log, N = U HazbIBaeTcs (QopMyIioi me-

ypaBHEHUI U HepaBeHCTB log, N :lg—N;loga N :ln_N’ 4TO
ga Ina
,Z[aéT BO3MOXXHOCTb BbIYUCIICHUS BBIMIOJIHATH TP ITOMOIIA MK.
[Tpumep.
log,,, 618,7 :M =29,88
’ 1g1,24
In618,7
log, ,, 618,7=—-—=29,88
Brs In1,24
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Kak BUIHO pe3ynbTaThl paBHBIE TIOATOMY MOXKHO J€JaTh Tepe-
XO/JI K JTIDOOMY OCHOBaHHIO.

IIpoeeprTe pesynbrar: log,, 0,784 =-1,3347  log,,, 11,78
log,b 1

3ameuanus: 1) log, b = T.€. 2)

log, a - log,a’

1
log, a

log , b= lloga b 3)|log, b=
n

Hcnonb3ys onpenenenue gorapupma, MOKHO HAXOAUTH Tepe-
MEHHYIO.
PaccMoTpuM Ha KOHKPETHBIX TpUMEpax

log s x=-2 o OIIpEEIIEHUIO Jorapudpma

-2

) % _ _1_1
(V3) =x :>x=[3j =3"=3

1

log > =-3 o ONPEIETICHUIO norapupma
1 1 1
l=— = —S=—; xX’=27; x=3
27 x> 27
log,; 64 =x 1o OIIpEAEIEHUIO Jorapudpma

1 I
(%/5) —64 = 27 —64 = 23 =26 %x:6; x=18

KoHTpos1bHBIE BOIPOCHI:
1. Omnpenenenne morapudma.
2. Omnpenenenue jgorapudma IeCITUIHOTO U HATYPAIBLHOTO.
3. CnocoOsl pernrenus iorapudmos.

PemeHue jiorapupMUYEeCKUX YyPAaBHEHUH U HEPABEHCTB

VYpaBHeHus1, cofiepKalye epeMEeHHYIO O/ 3HAKOM JIOTa-
pudmMa, Ha3bIBAIOTCS JorapuMUIecKuMU. PaccMoTpuM MeTobI
perIeHns JIorapu(hMHYECKUX YpaBHEHH Ha IpUMepax.
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2 _
logl(x +6) =-2
4
[To onpenenenuro moraprudma MOKHO 3aMHUCATh,

-2
(lj =x>+6
4

2 +6=16
X +6-16=0
x2-10=0

x =1+/10 Hamo MOMHHTH, YTO JOTapr(Ma OTPUIIATEIBHBIX YH-
cen He cymectByer. Tak kak x* +6 >0 Bcer/a, TO MONydeHHbIE
3HayeHus1 x =1+/10 oba sBisrOTCA KOpHSAMH ypaBHeHUs. OT-

BET: i\/m

[To ompenenenuto norapudma, MOXKHO PEIIUTh YpaBHEHHE:

log; (6 - 5") =1-x: orcrioma 5" =6-5" MOJIYYHIIA TTOKa3a-

TeNbHOE ypaBHeHHe 5-5° =6-5", pemum ero: ER 6-5"

npuBenéM K 00meMy 3HameHareno 5T #0 = 5= (6—5x)-5x
2
5=6-5" —(5")
O6o3Haunm 5° =¢, HOIy4IuM
5=6t—t*; t*-6t+5=0
D=36-20=16

64 '
fo = L=5 t=1 u TOraa

5=5 = x=1;, 5=1, 5=5" x=0.
OtBer: x=1 x=0
1g(3x—2)+1g2=2—1g(x+1)
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Ucnonw3ys onpenenenue jgorapudMa, MOXKHO YHUCIO 2 3aIu-
catb 2=1gl00 m Torga MMEEeM pPABHOCUIBHOE YpaBHEHHE

lg(3x—2)+1g2=1g100—Ig(x+1) . TlpumenuM cBoiicTBa

norapumos 1 Torna Ig((3x-2)-2)= lgﬁo1 OTCIO/IA CIIEMy-
x+

er, uto 2(3x-2)= ILOI pelaeM ypaBHEHHeE Ipu x # —1
x+

2(3x-2)(x+1)=100
(3x—2)(x+1) =50
3x* = 2x+3x-2=50

3x*+x-52=0

D=1+4-3-52=625

xlzz—uzs; _— xz:_éz_ﬁ
: 6 6 3

MOTEHIIMPOBAHUE BBIPAXKEHUI MOXKET MPUBECTU K IMOSBICHUIO
MMOCTOPOHHUX KOpHEH, MO3TOMY IOJyYEHHBIE KOPHU HYXKHO
MIPOBEPUTb.
[IpoBepka:
x=4
lg10+1g2=1g100-1g5
10-2 = 100
5
20 =20 BepHoO.
x= —% — MOCTOPOHHMI KOpPEHb, TaK Kak Jiorapudma oTpHiia-

TEJIBHBIX YHACEI HE CYLECTBYET.

Otser: x=4.

MoHO yKa3zaTh APYroll METOJ HaxOXKIEHUS KOPHEW ypaBHE-
HMH:, OCHOBAHHBLIA Ha npeaABapUTCIIbBHOM HaXOXIACHUU BCCX
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3HAUYEHHWH X, JUII KOTOPBIX MMEET CMBICI YPaBHEHHE, TO €CTh
yKa3aTh 00J1aCTh JJOMyCTUMBIX 3HaUeHH nepemeHHoi (O/13).
ITo cBoiicTBY JorapudmMoB:

{3x—2>0 {3x>2 x>§

x+1>0 x>-1

2 2
= x>— X€|_,t0| U
3 3
x>-1
TOr/1a MOXKHO CKa3aTh, uTo O/I3 ynoBneTBopsieT KOpeHb x = 4.
[IpoBepuB 3TOT KOpEHb, MOTYyYaeM BEPHOE PABEHCTBO.
3ameuanue. [lonp3oBarees ykazanuem O/13 ynobno ans 6osee
MIPOCTHIX BBIPAXKEHUM, CTOAIIUX MO 3HAKOM Jlorapudma.
[Ipu pemieHnn ypaBHEHUS NPUMEHSETCS METOJ PELICHUs, 13-
BECTHBINM KaK METOJ] MOTEHIIMPOBAHUSI.
log, (2x-3)+2=—log, (x+2)
2 2

log, (2x—-3)+log, 1 —log, (x+2)
2 24 2
1
T.K. 2=log, —
2
Ucnonb3ys CBOMCTBA norapu(dmosB MMeeM

log, ((2x—3)%) =log, ()c+2)71 ¥ TOT/Ia
2 2

1 1

—(2x-3)= -2
iRt e S
(2x=3)(xr+2)=1 (20-3)(x+2)=4
2x? -3x+4x-6-4=0 2x2+x-10=0
D=1+80=281

~1+9

Xio = p ;o4 =25 x,=-2,5

IIposepka:
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log, 1+log, l =—log, 4 X =-2,5 — HIOCTOPOHHHH KO-
2 2 2 peHb, Tak Kak jjorapudma oT-
l-l _ g4 pHULIATENbHBIX YHCEN HE CyIlle-
4 CTBYET.
L1 pepmo.
4 4
OtBeT: x=2

21gx-1,5
x“#7” =4/10 naHHOE ypaBHEHHE MOKHO HA3BAaTh M IOKa3a-

TEJBHBIM U JIOTapU(PMUYECKHUM.
[Tponorapudmupyem ob6e yactu ypaBHEeHHUs 110 ocHOBaHUIO 10,
MoJTy4aeM PaBHOCHUIIbHBIE eMY Jorapu(MUUECKOe YpaBHEHHUE

(21gx—1,5)-1gx:llg10
2

21g’ x-1,51gx =—-1

— Nl’_‘

2g2x—Lﬂgx—5=0

41g* x-3lgx—1=0
[Tonyyaem kBagpaTHOE ypaBHEHUE OTHOCUTEIBHO 1g X
Iycts lgx=¢,Torna 4> —3t—1=0

+
D=9+16=25; zu=§:§

N rorma lgx=1 = x=10
1 - < 1
ecmn lgx=——,10 x=10 4 x=10 4 =——
4 V10
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OrtserT: 10; —_.
Y10

KonTposibHbIE BOPOCHL:
1. IlepeuncinuTe OCHOBHBIE CIIOCOOBI pPEIICHUs JioTa-
pudMHUIECKUX YpaBHEHUM.
2.  llepeuncnure OCHOBHBIE CHOCOOBI PELICHHUS JIOTa-
pudMHUIECKUX HEPABEHCTB.
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